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1. Introduction

Modular group I" = PSL,(Z) consists of 2 x 2 matrices with integer entries and unit determinant, considered up to
overall sign. It has a presentation I" = (s, t | s> = t> = 1), and is known to be isomorphic to the quotient of 3-braid group
B3 by its center Z = Z. The kernel of the canonical homomorphism I" — PSL,(Z;) = S3 defines a congruence subgroup
A C I',also known as I"(2):

a= (5 %) st 1o b eevn) s,

There are isomorphisms A = £3/Z = %5, where $; denotes the group of pure 3-braids and %, is the free group with 2
generators. _ _
Extended modular groups I" and A are obtained by replacing the unit determinant condition with ad — bc = +1. These
groups have the following presentations:
F=(rst|rr=s=2=(r)?=@n*=1), (1)

A=xy,2 | =y=22=12C*CxC,, 2)

(0 -1 (0 -1 (0 1

=\1 o) =\1 1) T=\1 o)

s (F1 2 (1 0 (1.0
x=rsts=\y ), y=rt=|g _{), z=str={_, ;).
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Fig. 1. Branch cuts and loops yyy ;-

Note that A is isomorphic to the subgroup (of index 2) of A containing words of even length in x, y, z. Hence, given a A
action on a set U and a point u € U, the orbits A(u) and A(u) are simultaneously finite or infinite.
In this paper the last observation is used to classify algebraic solutions of the sixth Painlevé equation (see [1]):

¢w _1(1 1 1 dw21+1+1dw
d2  2\w w-1 w-t/)\adt t t—1 w-—t/) dt

ww — 1) (w — t) , 02t 0t —1)  (1—0)tt—1)
—_— (O — 1) = X Y z . PVI
2t2(t — 1) (O = 1) w? + (w—1)2 + (w — t)? (PVD
This is the most general ODE of the form w” = F(t, w, w’), with F rational in w, w’ and t, whose general solution has no

movable branch points and essential singularities. It can therefore be analytically continued to a meromorphic function on
the universal covering of P'\ {0, 1, oo}.

A result from Watanabe [2] suggests that, roughly speaking, any solution of PVI is either (a) algebraic or (b) solves a
Riccati equation or (c) cannot be expressed via classical functions. Known examples of algebraic solutions [3] turn out to be
related to various mathematical structures, including e.g. Frobenius manifolds [4], symmetry groups of regular polyhedra
[5,6], complex reflections [7], Grothendieck’s dessins d’enfants and their deformations [8-10]. A few families of non-classical
solutions have also been constructed in terms of Fredholm determinants, see [11,12].

In the case 6y = 6, = 6, = 0 a full classification of algebraic solutions has been obtained by Dubrovin and Mazzocco [5].
Their approach, followed to some extent in the present work, is based on the description of PVI as the equation of monodromy
preserving deformation of Fuchsian systems of the form
a :( Ax A + A )zp, A, € s1,(0), (3)
di A—Uy A—u, A-—u,
where the poles u,, are pairwise distinct, A, are 2 x 2 matrices independent of A with eigenvalues +6,,/2 and

—000/2 0
Ax+Ay+AZ:( ‘6"/ 900/2>, 0 # 0.

The fundamental matrix @ (A) is a multivalued analytic function on C\{uy, uy, u,}. Fix a basis of loops and branch cuts
in 71 (P'\ {uy, uy, Uz, 00}, 00) as shown in Fig. 1. To each branch of a solution of the PVI equation corresponds a unique
(up to conjugation) triple of monodromy matrices (My, M, M,) € G?, G = SL,(C) of & (1) w.r.t. the loops yy, Vy» V2. One
consequence of isomonodromy is that analytic continuation of solutions of PVI induces an action of the pure braid group on
3 strings on the space of conjugacy classes of such triples (i.e. on the quotient M = G>/G of three copies of G by diagonal
conjugation by G). It extends to the standard Hurwitz action of the braid group B3 = (Bx, B | BxBzBx = B:PxB:) on G.
Explicitly,

Bx : (My, My, M) > (My, Mz, M,M,M; '),

Bz = (My, My, M;) = (M, MyM,M," !, M) .

Observe that 8,8, acts on a representative triple (MX, My, MZ) € M by a cyclic permutation. The center Z of Bs is
generated by (8; ,BX)3 and therefore it acts on M trivially. This leads to an action of the modular group I' = $B3/Z on M,

with

s (My, My, M;) — (M, My, My) (4)

t : (M, My, M;) > (M, My, MMM, ") (5)
in the above notation. The action of I on M is obtained by adding the involution

r: (Mo My, M;) — (M M M) (6)
Lemma 1. The transformations s, t,r : M — M, as given by (4)-(6), satisfy the defining relations (1) of the extended modular
group I'.

As a corollary, we obtain the restriction of the I" action to its level 2 subgroup A:
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Lemma 2. The generators x, y, z € A act on representative triples from M as follows:
x: (M, My, M) = (M ', M MM, M)
y: (Mx’ My, MZ) e (MyM;1M;]’ M;]’ Mgl)’ (7)
z: (Mg, My, M) — (M, ', MMM M)

Proof. Both lemmas can be proved by direct calculation. O

Let us now describe the last action in more detail, introducing on M a suitable set of coordinates. Following [13], to a
point (My, My, M) € M we associate a 7-tuple (py, py, Pz, Poc, X, Y, Z) € €7 given by

Dx = Tr My, Dy = TI‘My, bz = Tr M, Doo = Tr (MzMny) s (8)
X =Tr(M,M,), Y = Tr (M;M,), Z =Tr (McMy) . (9)

Naive dimension of the quotient .M is equal to 6 and thus it is not surprising that the above monodromy invariants are not
all independent — there is a constraint

XYZ +X>+ Y2 4722 — wxX — wyY — 077 + w4 = 4, (10)
where

WX = DPxPoo +DyPz, Wy = DPyDoo +PzDx, @z = PzPoo + PxDy, (11)

w4 = D} + D, + P} + Dl + PxPyPzPoo- (12)

Remark 3. Boalch [7] refers to an equation equivalent to (10) as ‘Fricke relation’. In the context of Painlevé VI, it was first
obtained by Jimbo in [14], p.1140.

Remark 4. Four quantities (8) are related to PVI parameters by
py =2cosmh,, V=2X,Y,2z, 00. (13)

Remaining three parameters X, Y, Z satisfying the Jimbo-Fricke relation (10) can be generically thought of as giving two PVI
integration constants.

The A action (7) is defined for any group G. That G = SL,(C) in our case leads to important simplifications, in particular
TrM = TrM~! forany M € G. Monodromy parameters (8) are then fixed by the induced action of A, and quadratic
functions (9) transform according to the following:

Lemma 5. The induced action of the generators x, y, z € A on the parameters (9) is
xX,Y,Z) =(wx—X—-Y2,Y,2),
yvX,Y,2) =X, oy —Y —-2X,2), (14)
zX,Y,Z2) =X,Y,wz; —Z —XY).

Proof. Using again that for M € SL,(C) one has TrM = TrM~!and also M + M~! = Tr M - 1 we find for example
x(X) = Tr (M, 'MM; "M ") = Tr (MyM,MM, ") = ppoo — Tr (MyM,M, M)
= PwPoc — YZ +Tr (MyM; ') = pypoo + pyp; — X — YZ.
Proof of the other relations follows in a similar manner. O

Remark 6. After this work has been completed, we became aware of two recent papers [15,16], where the group A was
introduced into Painlevé VI context in a way similar to ours and in particular its action (14) on monodromy invariants
has been computed (cf. relations (2.10)-(2.12) in [15] and formula (37) in [16]). We also note another interesting recent
preprint [17] on algebraic PVI solutions.

Idea of classification. Finite branch (in particular, algebraic) solutions of Painlevé VI necessarily lead to finite orbits of the
P3/Z = A action on the space M of conjugacy classes of monodromy. Classification of such orbits is equivalent to finding
all finite orbits of the action (7) of the extended modular group A. Finally, the orbit A(m), m € M can be finite only if the
corresponding orbit of the induced A action (14) on C3 is finite.

Remark 7. One usually obtains explicit algebraic solution curves from monodromy by applying Jimbo’s asymptotic for-
mula [14] (or an appropriate modification of it) and computing sufficiently many terms in the Puiseux expansions of so-
lutions near singular points. Another extremely useful tool, especially for solutions of high degree, are Kitaev’s quadratic
transformations [18,19].
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In the next section, we classify all finite orbits of the action (14) (Theorem 1). It then turns out that the resulting
7-tuples of monodromy invariants completely determine A-orbits in M except in the case when My, , can be simultaneously
transformed into the upper triangular form. In Section 3, we give a complete (up to parameter equivalence) list of Painlevé VI
solutions with finite branching. All of them are algebraic with one possible exception of Picard solutions; in that way our
explicit computation confirms a recent result by Iwasaki [20].

Somewhat unexpectedly for the authors, the solutions corresponding to all possible finite A-orbits have already appeared
in various papers [8,7,21-23,4,5,24,6,9,10]. However, four of them (solutions 13, 24, 43 and 44 below) were published with
misprints, which are fixed in the present paper.

2. Finite orbits of A
2.1. Orbit graphs

Our main subject in this section is the A-action (14) which we consider as an action on C3 by fixing the parameters
® = (wx, wy, wz). To any orbit O of this action we associate a 3-colored (pseudo)graph X'(0) as follows:

o the vertices of X' (0) represent distinct pointsr = (X, Y, Z) € O,
e two vertices a, b € X' (0) are connected by an undirected edge of color x, y or z if x(a) = b (resp.y(a) = b or z(a) = b),
e ifapointa € X (0) is fixed by the transformation x, y or z, we assign to it a self-loop of the corresponding color.

In fact X'(0) is a Schreier coset graph as its vertices can be identified with the cosets of the stabilizer of any point in O.
Also observe that the structure of (14) imposes a number of restrictions on X (0), in particular it forbids multiple edges and
simple cycles with only one edge of a given color.

Example 8. Set @ = (0, 1, 1) and consider the orbit of the point r = (—1, 1, 1). It consists of 5 points with coordinates
given below along with the orbit graph.

This orbit does not split under the action of non-extended modular group A. The same result is immediate for any A-orbit
whose graph contains at least one self-loop (recall that A consists of even-length words in x, y, z).

2.2. Symmetries

Before we move on to the classification, it is useful to look at the symmetries of the space of orbits and their relation to
Backlund transformations for Painlevé VI. _

Let T : M — M be an invertible map and let @ € .M be an orbit of the A-action (7). If there exists an automorphism
¢ € Aut A compatible with T (i.e. A (T(u)) = T (¢(A)(w)) forany A € A, u € M), then T(0O) is also an orbit, and we will say
that @ and T(©) are equivalent. The symmetries to be considered below are generated by

e permutations: T : (M, My, M;) — P(My, My, M), ¢ : (x,y,2z) — P(x,y,z) with some P € S3, where permutations act
on (x,y, z) in the standard way, and on the triples (My, My, M,) as follows:

(123) @ (My, My, M;) > (M;, My, M),
(12)(3) = (Mg, My, M;) > (M, M M),

o signflips: T : (My, My, M;) = (&xMy, &My, &;M;), xy, = £1, ¢ = id.

To any orbit O of the induced A action (14) with parameters @ € C> therefore corresponds a number of equivalent orbits
whose parameter triples are obtained from @ by permutations and the action of the Klein four-group K, (by sign changes of
two coordinates). By virtue of (10), all these orbits are characterized by the same value of w,4. To deal with nonequivalent
orbits, we quotient the parameter space C> by K4 x S3, although it is convenient not to fix the fundamental domain explicitly.

Bdcklund transformations (BTs) map solutions of a given Painlevé VI equation to solutions of the same equation with

different values of parameters 6y , , ~. The list of fundamental BTs for PVI is given in the table below, cf. [25]: Here we use

Ox+0y~+607+00
2

the standard notation § = and

tt — Dw' (ex 6y N 0, + 1) .

T ww—Dw—1t)

w w—1 w—t



128 0. Lisovyy, Y. Tykhyy / Journal of Geometry and Physics 85 (2014) 124-163

Table 1
Bécklund transformations for Painlevé VI.
Oy 0y 6, O w t wx wy wz Wy
Sx *9,( 9y 92 900 w t wyx wy wz (O
Sy O« -0y 0, B0 w t wx wy wz w4
Sz O« Oy —6, O w t wx wy wz Wy
S0 9x 9y 92 2— 90(: w t wx Wy wz W4
S5 Oy — 8 0, —8 0, —8 Ooo — 8 w+§ t wx wy wy w4
Ty Ooo — 1 0, 0y Oy + 1 t/w t wyx —wy —wyz w4
ry 0, O — 1 Oy 6y +1 ot t —wy wy —w; w4
I, 6, By O — 1 6, +1 tw-1) t —wx —wy w7 w4
Py 0y O« 0, Oso 1—w 1—t wy wx wz [on
Py, Oy 0, 0y O w/t 1/t wx wz wy Wy

Remark 9. Five transformations s, (v = x, y, z, 00, §) generate affine Weyl group of type D,. Using these transformations,
one can construct shift operators

2 2
b = SxSs (5y525005) by = 5455 (SxSz50055)”

2 2
t; = ;55 (SxSySooSs)” too = SooSs (SxSySzSs)

acting on the parameter space by simple translations:

by b, 0, O
te 6+2 6, 0, One
t, 6 0,+2 6, Onc
t, 6 6, 0,42 6n
teo 6y 6, 0, B0 +2

Enlarging affine D4 by the Klein four-group K4 = (ry, 1y, 1) gives extended affine Weyl group D,. Full Okamoto affine
F,4 action involves additional generators Py, P,, changing the PVI independent variable t by Mdbius transformations of P!
permuting 0, 1 and oo.

Last four columns of Table 1 describe the action of BTs on parameters wy,y z,4 defined by (11)-(13). Observe that all BTs
lead to equivalent points in the parameter space of orbits of the induced A action (14). We now want to prove a converse
statement:

Proposition 10. Given wy, wy, wz, w4 € C, consider (11)-(13) as a system of equations for unknown 6y , , .. Any two solutions
of this system are related by the affine D, transformations introduced above.
Proof. Choose an arbitrary solution {#%} (v = x,y, z, 00) and denote p% = 2 cos76?. Introduce the auxiliary variable
£ = p? + p2 + p? + pZ.. It satisfies the cubic equation

£ — a(w)&® + b(w)§ — c(w) =0, (15)
where

a) =ws+ 16,  b(w) = wxwyw; — 4wy + 0y + ©3) + 3204,
c(®) = v} + V2w + Wiws — dog(W; + 0% + w2) + 16w2.

Write wy vy 7.4 in terms of {p(v’}, then three roots of (15) are
0)2 0\2 0\2 0 )2
fo=(p2)" + ()" + ()" + (p)"-
tr=8(14+ [[ cosmol+ [ sinm6l).
V=X,y,Z,00 V=X,y,Z,00

Applying ss (or s5sy) to initial solution {6°} gives a solution with & = &_ (resp. £ = &, ). Therefore it is sufficient to prove
the proposition for solutions of (11)-(13) with & = &,.

Assume that at least two of three numbers v}, wf, w2 € C are distinct, say wj # w3. Substituting & = & into easily
verified relations

(Px £ Poo)? — (€ £ 20x) (Py £ Poo)? + (wy £ wz)* =0
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. 2 2 2 2 .
we find (px + Poo)® = (p§ + %)~ or (B) +P2)°, (0x — Poo)? = (P2 — p,)" or (pS — p?)”. Also if & = & then

PaPyPzPoo = w4 — § = PIPIPIDS,.  PuPoo + Pybz = wx = Pypa, + PIpY,
50 that pypoc = pIp3, or p)p?. But now if e.g. (px + poo)” = (p§ + pgo)z, (Px — Po)* = (p) — pg)z, combining with the latter

i 2 2 2 2
result we find (p9 + p3,)" = (p) + p?)” (for pxpoo = pIp?) or (p? — p%,)" = () — p?)” (for pxpos = pIp3,)- Therefore we
necessarily have

2
{(pX +poc)2 = (p)O( +pgo)2 ’ or (pX + pOO)Z = (PS + p(z)) ’ (_16)

2 2
(px - poo)2 = (Pg - Pgo) ’ (px - poo)2 = (p?/ - Pg) .
Choose a solution of (16) for p, and p., then p, and p, are unambiguously fixed by
(Poo £ D) Py £ p2) = wy £ w7 = (P, £ pY)(P) £ p?)

(here we used that w,z( #* a)%). Hence there are 8 possible solutions for (py, py, Pz, P), namely

(£py. £p0. £p0, £p%).  (&p). £pj. £p3. £p?).

(17)
(2, £p2. £p2. £p0),  (£p%. £p, £pY, £p).

. . ) . 2
All of them can be obtained from { pg} using three affine D, transformations (sxsyszsoo55) , $5SxSyS552S00 AN S55¢S;55SySoo-

Now given {p, }, all possible solutions for {6, } are clearly related by the transformations {s,}, {t,}, see Remark 9.

Now let wf( = w% = a)%. We can set for definiteness wy = wy = wy, then three out of four p, are equal. Denote this

common value by p and let p be the fourth variable. Then

wx =p(P+p), ws=3p"+p +p’D. (18)
Choose a solution (p°, p°) of (18). If wx # 0 then the only other solution such that 3p? + p? = & = 3 (po)2 + (f)o)z is given
by p = —p° p = —p°. Thus (py. py. Pz, Poo) can only be a permutation of (p°, p°, p°, p°) or (—p°, —p°, —p°, —p°), which

. - . 2
yields at most 8 distinct solutions. As above, all these 4-tuples are related by (SxSySZSOOS(s) 1 S5SxSyS552S00 AN S55xS7S5SyS00-

Now if wx = 0 there are 2 possibilities: (1) p° = 0, then the only other solution of (18) with the same value of £ has the
formp = 0,p = —p°; (2) p° = —p°, then the only such solution is p = —p°, p = p°. Clearly in both cases possible 4-tuples
(Px, Py, Pz, Pxo) are related by the affine D, transformations. 0O

Remark 11. We have just shown that the map

parameter

P space of PVI affine Dy — (C4a [Ox, 0}/7 07, 0s0] > (wx, wy, wz, w4) (19)

is injective. Direct calculation shows that p is in fact a bijection. Moreover the same result holds true if we replace in (19)
affine D, by the full affine F, action and quotient the set of all triples (wx, wy, @z) by K4 x S3 as described above.

Remark 12. It is more delicate to establish the equivalence of actual PVI solutions as BTs may become singular (w(t) =
0, 1, t or p = 0) in the way of transforming a given solution into another one with equivalent parameters.

2.3. 2-colored suborbits

Take a pointr = (X, Y,Z) € C3, fix @ € C> and consider the suborbit 0,,(r) of the A action (14), generated from r by
two transformations y and z. Clearly all points of Oy, (r) have the same first coordinate X. We set Yo = Y, Zy = Z and label
remaining coordinates as shown on the suborbit graph below.

z y z
—- - --0—O0—0—O0----

(Ykizkrl) (Yk7Zk) (YkHJZk) (Yk+17Zk+l)

From (14) one finds a first order linear inhomogeneous difference equation

Y -1 =X \ (Y, w
(Z;:) B (x X* - 1) (zﬁ) + (wz —yx(,)y> : (20)

A straightforward computation gives
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Lemma 13. If X # +2, then the general solution of (20) is

1—2k)A
<Yk> 1 sin % — sinkA <a> N 1 (2a)y _ sz) o
== 14 202 12 205 — Xay )
Z sin2/2 sin kA sin d+20r +2 ) p 4 — X2 \20z — Xoy

where «, 8 are arbitrary constants and X = 2 cos /2. For X = 2 we have

wy + wyz (Lt)y F Lt)z)k

2
Yo\ _ (1-2k F2k \ [« N s 2 + (wy F wz)k )
Zk - :|:2k 1 + 2]( ﬂ wz + wy + (a)Z :F (Uy)]( .

S 5 + (w7 F wy)K

Now assume that Oy, (r) is finite. We call the length of 0,,(r) the smallest positive integer N such that Y.y = Y,
Zr+N = Zi. Since x, y, z are involutions, the graph of any 2-colored finite suborbit can only be a simple cycle (as the length 2
yz-suborbit 2-3-4-5 in Example 8) or a line with a self-loop at each of its ends (as e.g. the length 3 xz-suborbit 1-2-3 or the
length 2 xy-suborbit 3-4 of the same example).

Lemma 14. Let N be the length of Oy, (r).If N > 1,thenX = 2 cos wnx /N, where ny is an integer relatively prime to N satisfying
0 <nyxy <N.

Proof. Let X # 42 and impose Yy n = Y, Zyen = Zi in (21). This gives sin % = 0, otherwise « = f = 0 and hence
N = 1. Therefore A = 2mwnyx /N, nx € Z and we can choose 0 < nx < N. Clearly ny and N are coprime; otherwise N is not
the smallest period of (21).

Now if X = =42, then substituting Yy.n = Yk, Zran = Zi into (22) we find two conditions: (1) wy F wz = 0 and (2)
o £ B = 0. This in turn implies that Y, = const, Z, = const, i.e. 0, (r) consists of a single point. O

Definition 15. Let O C C? be an orbit of the A action (14). A point r € O is called good if it is not fixed by at least two of
three transformations x, y, z; otherwise we say that r is a bad point.

The case when the whole orbit consists of a single point is trivial. Hence below by a bad point we most often mean a point
fixed by two transformations. The orbit graph has then two self-loops at the corresponding vertex.

Example 16. The point 1 in Example 8 is bad, and the others are good.
Lemma 17. Let O C C? be a finite orbit of (14). If r = (X, Y, Z) € Ois a good point, then
X = 2cosmry, Y =2cosnry, Z=2cosmrz, (23)

whererxyz € Qand0 < rxyz < 1.If r € Ois a bad point, fixed by y and z but not by x, then (23) still holds for Y and Z.

Proof. If r is not fixed by x, then the lengths of xz- and xy-suborbits of r are strictly greater than 1. If r is good the same is
true for each of the three 2-colored suborbits of r. Both statements then follow from Lemma 14. O

2.4. Main technical lemma

This subsection is devoted to a technical result to be extensively used later. Namely, we want to find all rational solutions
of the equation

n
> cos2mg; =0 (24)
j=1
with n < 6. Without loss of generality we assume that 0 < ¢; < 1 and consider the n-tuples (g1, ..., ¢,) related by
permutations, transformations ¢; — 1 — ¢; and by the simultaneous change ¢; — 1/2 — ¢; as equivalent.
Definition 18. A rational n-tuple (¢1, ..., ¢,) is called irreducible if it satisfies (24) and ZjeE cos 2 g; # 0 for any proper
subsetE C {1,...,n}.
It then suffices to classify irreducible n-tuples (¢4, . . ., ¢n) withn < 6. We first prove an auxiliary result concerning rational
solutions of the equation
n s
> e =o. (25)
j=1

Again we can assume that 0 < ¢; < 1 and consider the solution n-tuples up to permutations. Also note that the shift of all
¢; by a common phase ¢ € Q yields another solution.
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Lemma 19. All inequivalent irreducible (in the sense that ZjeE e*™ % = 0 for any proper subset E C {1,...,n}) rational
n-tuples with n < 6 solving (25) are given by
o the 6-tuple

1 1 1 2 3 4
<<p—6,<p+6,¢+§,¢+§,¢+§,¢+§>, (26)
e the 5-tuple
1 2 3 4
<¢,¢+§,¢+g,<ﬂ+g,<ﬂ+g>» (27)
o the triple (¢, ¢ + 3, ¢ + £) and the pair (¢, ¢ + 1),
withgp € Q.
Proof. First part of the proof follows [26,5]. Write ¢, = Z—z wherek = 1,...,n(1 < n < 6)and dy, ny are either positive
coprime integers with d, > n or ny = 0. Let p be a prime which is a divisor of at least one of dy, . . ., d,, and denote by &y,

Iy, ck, vi the integers such that
I I
dy = Skp*, ng = S + vip*,

where 8 is prime to p, 0 < ¢, < p%; ¢, is prime to p for I, # 0, otherwise ¢, = 0. Then

Cy Vi

= —|— —_, = —_—

ok = fi i fie 5
Reordering ¢4, ..., ¢, sothatl; > I, > --. > [, we define the function

i h=l .
2e(x) = % iy CkP if ¢, #£ 0,
e ik ifcg, =0,

and the polynomial

n
U =) &a®). (28)
k=1
By construction g (exp (27”1' = e?"% and (25) then implies that U (exp <%)) =0.
It is known since 1854 [27] that the polynomial

P(x) =1 +XD’1_] —i—XZPI]_l + ... _}_X(P*UP“_]
is irreducible in the ring of polynomials with coefficients in any extension of the form Q(¢y, .. ., {m), where ¢ is a root of
unity of the order coprime with p. Since P <exp (%)) = 0, then either (a) U(x) = 0 or (b) U(x) # 0 is divisible by P(x).

Case (a). The powers cgp'1 %, appearing in the functions gi(x), are all equal. Otherwise one could write U(x) as a sum of at
least two polynomials equal to 0, and the irreducibility condition fails. Therefore I, = [, ¢, = ¢;. Now it is sufficient to
subtract the common phase ;,—11 from all ¢y to eliminate p from all denominators.

Case (b). Write U(x) = P(x)Q (x). The degree of U(x) is at most p"" — 1, hence the degree of Q (x) is at most p''~! — 1. Then
the numbers Ny and Nq of different powers of x in U(x) and Q (x) must be related by Ny = pNy. In particular, since in our
case Ny < 6, the prime p can only be equal to 2, 3 or 5.

The powers ¢p't ' are all equal modulo p"—! to s, where s is some integer independent of k,0 < s < p"~!.Otherwise one
could collect powers corresponding to different s and write U(x) as a sum of at least two polynomials, each of them either
divisible by P(x) or vanishing identically. Corresponding n-tuple is then reducible, therefore we can only have Ny = 1,
Q%) = aX’.

Suppose that I; > 2. Since c; is prime to p, s is also prime to p and all n powers of x that appear in the functions gi(x) are
not divisible by p'*~! and by p; in particular, all ¢ are non-zero. This in turn implies that [, = I; for any k. Now ¢; = s+N;p'1~!
and subtracting from all ¢, the common phase p,i] eliminates all higher (greater than 1) powers of p from the denominators.

It remains to consider [y = 1,p = 2, 3 or 5:
(b.1)Letly = 1,p = 5,thenn = 5or6.If n = 6, then from U(x) = ax’P(x) four out of six phases are equal, say
fi = fo = f3 = fs, and the remaining two satisfy e?™% 4 e?™% = 21, Setting f; = O gives fs = ¢,fs = —¢, then
(c1, €2, €3, C4, C5 = Cg) is a permutation of (0, 1, 2, 3, 4) and we obtain the 6-tuple (26).

Ifn=>5,thenf; =f, =f; = f4s = fs, (c1, 2, C3, €4, C5) is a permutation of (0, 1, 2, 3, 4), which leads to the 5-tuple (27).
(b.2) Now every ¢y can only be equal to 0, % :I:% or :I:é. Direct check shows that the only irreducible n-tuples withn < 6

that can be built from such numbers are (equivalent to) the triple (0, 3, —31) and the pair (0, 3). O
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We now establish a similar classification of rational solutions of (24):

Lemma 20. Inequivalent irreducible rational n-tuples solving (24) with 1 < n < 6 fall into one of the following classes:

e 13 nontrivial irreducible 6-tuples

1 2 3 4 5 1

(ﬁ’ﬁ’ﬁ’ﬁ’ﬁ’é)’ (Vi)
L 1L 1 2L 3L 1

(5+6’? 6’7’7’0’§>’ t=123 (VIz)
(L—i—l,L 1,2L 31 3) L=1,2,3, (VI3)
7 6 7 6 10 10

(£+17£_1’2L+12L 1 3L 1> [—=123 (V1)
7 6 7 6 7 6 7 6 7 6

(L2iol?)(izaliay 122120y o)
777 77715 15" 10 7°7°7°10" 15" 15

and an infinitefamlly of the form

2 3 4
<¢+ ,¢+ ,<p+§,<p+§,<p+g>, peQ, (Vi)
e 7 nontrivial irreducible 5-tuples
1 1 11 2 1 7 1 13
0, ==, 5.5} 0,5z 5.2 |» (V1)
30 330 5 5730 3 30
L+1L 1 2L 3L 1 =123 V)
2T 7 67 76/ =123 2
12 3 1 123 1 3
-z 0, 2, el e (V3)
7 77 3 7°7°7°10° 10

and an infinite family of the form

T Q (V)
) ] = = = € )
(2% 5@ 5@ 5§0 5 @ @

e 4 nontrivial irreducible quadruples

0112 1111 2 1 4 3 1 1231 )
’5°3’5)°\30°6°30°5/" \15°15°10°3)° \7'7°7°6)°

e 1 nontrivial irreducible triple

<10 10’ 3) (1)

and an infinite family of the form

1
(w v+ ,w—g), v €Q, (111,)
e an infinite family of pairs of the form
1
¢.5-¢) ¢€Q (1ly)

Proof. We use the same ideas, notations and conventions as in the proof of Lemma 19. One modification concerns the
functions g, (x) which are now defined by

1 27, Iy~ TS P Py .
— | @27 fiykp1 T 4 o= 2mifiy b —ckp ‘:I ifc 0,
g(x) = {2 [ + k7

€OS 27T @y, ifc, = 0.
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As g (exp (%)) = C0S 27 ¢, one has again U (exp (%)) = 0, so that either (a) U(x) = 0 or (b) U(x) = 0 is divisible by
P(x).

Case (a). All 2n powers c;p't %, pht — ¢;p'1~%, appearing in the functions gy (x), are simultaneously divisible or non-divisible
by p unless we have a reducible n-tuple. Since c; is prime to p, they are actually non-divisible, which in turn gives [, = [

for any k. Irreducibility then implies that ¢, can only be equal to c; or p"' — c;. In fact we can assume that ¢, = ¢4, as the
transformation ¢y — 1 — ¢ maps fi — —fi, cx — p' — ci. Now one has

1 L ; 1 - ;
U) = =x1 ) &g —xp1=a ) o2l = g,
P DA D

and, since c; # p'' — c; except in the trivial case p = 2,1; = 1, the problem is reduced to the classification of rational
solutions of Eq. (25), given by Lemma 19.

Case (b). Set U(x) = P(x)Q (x), then by the same reasoning as above Ny = pNy. However, here Ny < 12, therefore p can be
equalto2,3,5,7o0r11.

2n powers ¢ p1 7, p't — ¢, p'1 !k are all equal modulo p'1~! to s or p'1~! — s, where the integer s does not depend on k,
0 < s < ph~', Otherwise one could collect powers corresponding to different s and write U(x) as a sum of at least two
polynomials, each of them either divisible by P(x) or vanishing. Since p't — ¢;p'' % = —cp't~% mod p'1~1, both terms
coming from a given gi(x) will appear in the same polynomial, and then the corresponding n-tuple is reducible. Hence Ng
can only be equal to 1 or 2.

If I; > 2, then all 2n powers of x that appear in the functions gi(x) are not divisible by p and therefore I, = I, for any k.

Two powers ¢, and p' — ¢ are distinct modulo p't~! for all but a finite number of values of I; and p. Indeed, if they are
the same, one has 2¢, = 0 mod p'1~—'. However, this is impossible for p > 3,1; > 2 and for p = 2, l; > 3, since all ¢, are
prime to p. Let us now consider separately two cases:

(b)) p=3,54220rp=2,14 =2 3;
(b2) p=3,57,11,1 =1orp=2,11 =1,2.

(b.1) When ¢, # p" — ¢, mod p'~!, we use Ngo < 2 to write the relation U(x) = P(x)Q(x) as two distinct equations
containing different (mod p'1~!) powers of x. Replacing ¢ — 1—g¢y if necessary, one finds that both equations are equivalent
to the following one:

n
Z X ixk = ax*P(x), o #0. (29)
e

Assume thatn = 6.Itisimpossible to satisfy (29)ifp = 7, 11.For p = 5 four out of six phases areequal,say f; = f, = f3 = fa,
and the remaining two satisfy

(b.1.1) e¥¥s 4 2mife = g27if1,
In addition we have ¢, = s + Ni - 511, where (N;, N2, N3, N4, Ns = Ng) is a permutation of (0, 1, 2, 3, 4). Now applying
Lemma 19 to find rational solutions of (b.1.1) we see that resulting 6-tuples are of type (VI,).
For p = 3, up to permutations there are only three possibilities:
(b'l'z) eZJTifl — eznifz — eZm‘f3 + eZm‘f4 + eZJTifS + eZJTl‘fG'
(b]3) lemfl — eZnifz + eZm'f3 — eZnif4 + eZm'fS + lerifG'
(b.].4) lerifl + e2rrif2 — eZm'fg + lerif4 — eZm'f5 + eZm'fG 75 0.

Finally, for p = 2 one should have one of the following:

(b.1.5) e2nift — e27ifa 4 p27ifs  o2mifs 4 p27ifs | ezﬂifs‘

(b.1.6) €21 o271 = 2713 4 @27Ha 4 275 4 275 £

(b.1.7) e  e27ifa 4 o273 = g27Ha 4 @27¥s 4 e27¥s £

In each of these cases the problem is reduced to Lemma 19. The 6-tuples we obtain at the end turn out to be reducible or

belong to the family (VI, ).

- O)ther possibilities (n = 3, 4, 5) can be treated in a similar manner. They lead to 5-tuples of type (V,,) and triples of type
o)

(b.2) We first consider the case when the denominator of every ¢, (k = 1, ..., n) is not divisible by 7 and 11:

Lemma 21. Inequivalent irreducible n-tuples solving (24) with 3 < n < 6 such that every dy (k = 1, ..., n) is a divisor of
2%2.3.5 = 60 are given by
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e G-tuples:

0111122 01711113 0117213
’30°5’°30°5’5)° ’30°30°3°30°30)° ’5°530°5°30)/°

1 1 13 7 23 5 1 1 11 23 23 5 1 11 13 13 5 9
60" 60°60°20° 60" 12/° 60°20°60°60° 60" 12)° 60 60°60°60° 12" 20)°

01122 1 11 13 23 5 1 1 7 11 13
5’555/’ 60" 60" 60" 60" 12/° 30°6°30°30°30)°

0 1 1 11 2 01 7 1 13
"30°3730°5)° ’5730°3730)/°

e quadruples:

01 12 1 1 11 2 1 4 3 1
'5°3’5)° 3006°30°5)/° 15°15°10° 3/ °

e triples:

11 1 19 7 1 3 11 1 17 23
(0’5’5)’ (@’&%) (%’ﬁ’%)’ (5’@’@)
1 4 2 1 3 1
(15’15’5)’ (10’10’3)'

Proof. Direct (e.g., Mathematica) computation. Notice that all obtained 6-tuples, first three 5-tuples and all but the last
triple belong to the infinite families (VI,), (V,,) and (IIl, ), respectively. O

The case p = 11, l; = 1is possible only for n = 6. We have N; = 1,degQ = 0, hence Q(x) = o, Ny = 11,degU = 10
and, consequently, one can choose |y = --- =15 = 1,lg = 0,¢, = k(k = 1,...,5),cg = 0. This gives the irreducible
6-tuple (VIy).

Remaining case p = 7,1; = 1is possible only for n = 4, 5, 6. Similarly to the above, Ny = 1,degQ = 0,Q(x) = «,
Ny = 7,degU = 6, and in addition forallk = 2, ..., neither [, = 1 or ¢, = 0. For n = 6 one then has four possibilities:

e (c1, C3, c3 = c4) is a permutation of (1, 2, 3), ¢cs = ¢g = 0; this gives f; = f, = 0and
e?™ s ¥4 = 2 cos 2mfs 4+ 2 cos 2mfs = 1. (30)

Recall that fi, ..., f¢ are rational numbers with denominator which is a divisor of 60. Using Lemma 21 to classify the
appropriate solutions of (30), one finds that the only irreducible 6-tuples obtained in this way are given by (VI,) and
(VI3).

e (c1, o = 3, €4 = C35) is a permutation of (1, 2, 3), cg = 0; then

f] =0, eZ?Tifz +ezm’f3 — 62711'}"4 +eZ7‘[if5 — 2C0527‘[f6 =1,

which leads to the family of irreducible 6-tuples (Vly).
e (cq, Co, C3 = €4 = C5) is a permutation of (1, 2, 3),cs = 0; thenf; = f, = 0and

¥ 4 e?ma 4 @27 — 2 cos 2mfy = 1.

All 6-tuples arising here turn out to be reducible.
e (c1,c,03) =(1,2,3),c4 = c5 = cg = 0, which implies f; = f, = f3 = 0 and

2cos2nfy + 2cos2nfs + 2cos2nfs = 1. (31)
Using again Lemma 21 to find irreducible solutions of (31), we obtain 3 irreducible 6-tuples (VIs).
For n = 5, there are two possibilities:
e (c1, C3, 3 = c4) is a permutation of (1, 2, 3), cs = 0; this implies f; = f, = 0 and
> 4 2l = 2 cos2nfs = 1,

so that we find 3 irreducible 5-tuples (VI,).
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e (c1,0,03) =(1,2,3),c4 =c5 = 0,hencefy =f, = f; = 0and
2cos2mfy + 2cos2nfs = 1.
This gives 2 irreducible 5-tuples (Vs).
Finally, for n = 4 we should have (cy, ¢3, c3) = (1, 2, 3), ¢4 = 0 and, therefore, fi = f, = f3 = 0, 2 cos 2 fs, = 1, which
leads to the fourth irreducible quadruple in (IV). This concludes the proof of Lemma 20. O

Remark 22. The classification of irreducible rational solutions of (24) with n < 4 is essentially equivalent to Lemma 1.13
in [5]. In fact we will see shortly that this partial result is already sufficient to find all finite A orbits with a))z( #* w?, #* w%
Its extension to n = 5, 6 is needed to treat the case when w € C3 is fixed by some of the K, x S; transformations.

2.5. Bounds on suborbit lengths

Let O C C2 be a finite orbit of the induced A action (14). We choose an arbitrary 2-colored suborbit 0y, C O (i.e.the
suborbit generated from a given point by two transformations y and z), denote its length by N and label the points of Oy, as
in Section 2.3.

Throughout this subsection we assume that N > 1. Denote X = 2cos /2, then by Lemma 14 one has A = 2mry,
rx = nx /N, where ny € Zis prime to N and we choose 0 < ny < N.Lemma 13 implies in addition that Yy, Z, (k =0, 1, .. .,
N — 1) are given by (21).

When the graph of Oy, is a simple cycle, it contains 2N points and all of them are good. Then by Lemma 17 for k = 0,

.., N — 1we have

Yy = 2cosmry,, Zy = 2C0S Iz, Ty,Tz €Q,0 <1y, 17 < 1. (32)

If X (0y,) is a line with self-loops at the ends, then there are N distinct points. While two endpoints can in principle be bad,
the other N — 2 points are good so that their coordinates satisfy (32).

Lemma 23. Two distinct vertices of X (0,,) characterized by the same coordinate Y (or Z) are necessarily connected by an edge
of color z (resp. y).

Proof. Let (X, Y, Z) be an arbitrary point in O. Since wy y 7 4 are fixed by the A action, the quantity
XYZ + X2+ Y2 + 7% — wxX — wyY — wzZ = const = 4 — wy

is an orbit invariant. Computing this invariant for two distinct points (X, Y, Z), (X, Y,Z") in Oy, wefindZ’ = w; —Z — XY =
z(Z). 0O

Remark 24. In the simple cycle case, Lemma 23 implies that Y, # Yy, Zy # Zy for k # k' where k, k' = 0,...,N — 1.
Similarly, in the line case for any k there exists at most one k' # k such that Y, = Yy (or Zy = Zy').

Lemma 25. The coordinates {Y}}, {Z:} satisfy the following identities:

for N even, ny odd: [2: i;:ig//zz - II: i_g: (33)

for N odd, nx even: Yy + Ziy(n—1)/2 = P+» G4

for N odd, ny odd: Yy — Zyy(n—1)/2 = P—, 35
wherek =0,...,N — land py = 2322,

Proof. Straightforward substitution of (21) into (33)-(35). O

Proposition 26. If N is even and at least one of two parameters wy, w; is different from 0, then N < 10.

Proof. When at least one of wy, w; differs from 0, at least one of p, & p_ is also non-zero. Assume for definiteness that
p+ + p— # 0 and consider the first equation in (33). It implies that for any k, kK = 0, ..., N — 1 one has

Ye + Yienz = Yo + Yoqn2 # 0. (36)

First assume that the graph of O, is a simple cycle. All Yy are then distinct and have the form (32). Hence (36) reduces to
an equation of type (24) with n = 4, whose rational solutions have been classified in Lemma 20. We now consider different
types of solutions to maximize the number N€ of possible unordered couples (Yk, Yian /2) of the form (32), characterized by
the same value of Yy + Yjyn2:
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(O] N=14
z y oz vy : oy oz y z __y oz _y _z _y =
Co—0o0——0——0——0——0——0—0—0—0—0—0—"0—"00)
Y, Y=Y, Y=Y, Y=Y, Y=Y, Y=Y, Y=Y, Y,
(i) N=12
i z y z ¥ z ¥y z y z ¥y z pd
Co—0—0—0—0—0—0—0—0—0—0—00)
Y=Y, Y=Y, Y=Y, Y=Y, Y=Y, Y=Y
(i) N=12
oy y oz oy z vy oz _y oz _y =
Co—0o0——0——0——0—"0—0—0—0—0—"0—"00)
Y\ 1 YQ=Y|0 Yl=Y9 YZ:YX Y”5=Y7 Y4:Y() Y5

Fig. 2. Three possible graphs for N = 12, 14.

o Splitting of the rational solution quadruple into two (not necessarily irreducible) pairs is possible only for k' = k or
k' = k 4+ N/2, therefore one should not take such solutions into account when computing N¢ (here we used that
p++p-#01)

e Assume that Yy, = O for some ko, then for any k one has Y; + Y n/2 = Yk 4n/2- This is an equation of type (24) with
n = 3.By Lemma 20, if Yy 4 n/2 # £1, £2 cosm /5, +2 cos 2 /5, the only possible couple different from (0, Yk0+N/2) is

(2 C0S 7T (yy o + 1/3), 208 T (1 1y — 1/3))

and therefore N© = 2. When Y} 4y = =1, the only compatible couple is (j:2 cos /5, F2 cos 271/5) so that again
N¢ =2.
Finally, for (a) Yi,4+n/2 = £2 cos /5 and (b) Yy, 4n/2 = 2 cos 27 /5 one has N = 3 as in both cases we have three

compatible couples:
(a) (0, £2 cos 7 /5), (1, £2 cos 27 /5), (£2 cos 27 /15, £2 cos 87 /15);
(b) (0, 2 cos 27 /5), (F1, £2 cos 7 /5), (+2 cos 7 /15, £2 cos 117 /15).

o If there is no Y equal to zero, the solution quadruple can only be equivalent to one of the last 3 quadruples in (IV) (first
quadruple is excluded because Yy # =42). Direct check then shows that for any choice of (Yk, Yirn /2) there is only one
compatible couple, i.e. N© = 2.

Since the maximal possible value of N€ is 3, even length N of the simple cycle cannot exceed 6.

When the graph of Oy, is a line, the same reasoning shows that N < 14, otherwise the number of distinct compatible
couples (Yk, Yk+N/2) satisfying (32) is greater than 3. We now want to improve this bound to N < 10 using that for
N = 12, 14 the number of such couples is 3 and therefore Y-coordinates of good points should give (a) or (b) above.

In Fig. 2 we show three possible graphs and label each vertex by its Y-coordinate. Third diagram (iii) can in fact be
immediately excluded, since in this case 2Y, = Y; + Y3 = Yy + Y4 but no couple in (a) or (b) contains two equal cosines. To
exclude the remaining two cases, use that from (20) follows a 2nd order difference equation for {Y}}:

Yiro + 2 = X*)Yig1 + Yi = 20y — Xay.
It implies in particular that for both (i) and (ii) we should have

Y- Y

X2-1= )
;-7

(37)

Since (Y7, Y4) and (Y,, Y3) are necessarily given by two couples from (a) or (b), the RHS of (37) can only take one of 12 values

e1(V5+26),  £1(15+66v/5)32, g5 = %1,

Possible values of the LHS also belong to an explicitly defined finite set: recall that X = 2 cos wnx/N, where ny = 1, 3,
5,9,11or13forN = 14andny = 1,5, 7 or 11 for N = 12. Now it is easy to check that the LHS and the RHS of (37) never
match, and thus the lengths N = 12, 14 are forbidden. O

Proposition 27. If N is odd and w} # w2, then N < 9.

Proof. The condition a)f, #* co% guarantees that both p, and p_ are non-zero. Assuming for definiteness that ny is odd, one
finds from (35)

Y — Zivv—1y2 = Yo — Zs(n—1)2 # 0.
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SN O O Y O
et A O O O O

XY) YY) (Y,Y) (Y,Z) (Y'Z)

"~
~

o=

@)

Fig. 3. Line of odd length, wy = wy.

We can now use the same approach as in the previous proof. One difference is that here we maximize the number of ordered
couples (Yk, Zk+(N_1)/2) of the form (32) characterized by the same value of Yy — Zy| (v_1),2. This maximal number is equal
to 6 (twice the maximal N¢), therefore by Lemma 23 simple cycles of length N > 7 and the lines of length N > 15 are
forbidden.

The lengths N = 11, 13 are excluded similarly to the above, since in this case Y- and Z-coordinates of good points take
only a finite number of explicitly defined values. Straightforward computation shows that possible values of X determined
from (20) never match X = 2cosznyx/N. O

Remark 28. In the proof of Proposition 27 we used only that p_ # 0. Therefore the bound “odd N < 9” also holds for
wy = wz # 0 when ny is even and for wy = —w; # 0 when ny is odd.

Next we study the case wy = wz, nx odd, where the relation (35) gives just Yy = Zin—1)/2- For oy = —awyz, nx
even the upper bound for N is the same by symmetry; recall that e.g. the transformation wy +— —wyx, wy — —wy,
X,Y,Z) —» (=X, =Y, Z)forall (X,Y,Z) € Oyields an orbit equivalent to O.

Proposition 29. Let N and nx be odd and let wy = wz # 0. If the graph X (0,,) is a line, then the only possible values of N are
3,5,7,9,11, 15 and 21.

Proof. The suborbit graph for odd N is presented in Fig. 3. Each vertex is labeled by its coordinates (Y, Z). For wy = w; one
has p_ = 0, hence (35) implies in particular that for the center pointZ =Y.
Let us denote wy = w; = wand X = 2cosnry,Y = 2cosnry, Y = 2cosmry etc. From the relations

Y+Y +XY =w=Y+Z +XY
one finds an equation of type (24) withn = 6:
cosmry +cosm(ry —ry) +cosm(ry +1y) = cosmry + cosm(ry — ryr) + cosm(ry + ry). (38)

We assume that N > 7, thenry yy/ z € Q by Lemma 17.

General idea of the proof is to obtain the restrictions on ry from Lemma 20. Not all solutions listed in Lemma 20 are
of interest here because the arguments of cosines in (38) are not all independent. Five entries in the solution 6-tuple, say
@1 ... @s, should satisfy

(a) €191 + €202 + €303 + €494 € Z for some choice of €1 334 = 1.
(b)esps — eas = 2e5¢5 (mod Z) for the same €3 4 and some g5 = £1.

Remark 30. In many cases below, the number of possible solutions for ry is rather large and their complete description
becomes too cumbersome. However, since rx = nyx/N and N is odd, in practice it is easy to determine admissible values of
N by simply looking at odd integers that can appear in the denominator of rx. The reader should keep in mind that probably
not all such admissible values do actually occur. For clarity, the values N = 3, 5 (not satisfying the above assumption N > 7)
will not be omitted in the course of this shortcut computation.

First assume that the solution of (38) is equivalent to one of the 6-tuples (VI;)—(VI,):

(VIy) In this 6-tuple, 1/6 clearly corresponds to rz in (38), otherwise conditions (a) and (b) cannot be simultaneously
satisfied. Hence the only possible odd denominator of ry is 11.

(VI,) Considering the sum and the difference of any two elements in (VI,), one readily concludes that the only possible
odd denominators of ry are 3, 7 and 21.

(VI3) Condition (a) fails unless 1/10 and 3/10 correspond to rys and rz or vice versa. In both cases, however, (b) is violated.

(Vly) Possible N are 3, 7, 21 by the same argument as in (VI;).

(VIs) With the second and the third 6-tuple condition (a) always fails. With the first 6-tuple it can be satisfied only if 1/5
and 2/5 correspond to ry- and rz or vice versa, but then (b) is violated.

(VI,) Taking the sum and the difference of any two elements (meant to be ry & ry) we see that odd divisors of the
denominator of either ry or rys can only be 3, 5, 15. However, in the second case ¢ becomes fixed so that admissible N are
again 3, 5, 15.

Reducible 6-tuples consisting of one 5-tuple from (V;)-(V,,) and one zero cosine (we will say that the solution is of type
“V123,+1") canbe treated in a completely similar manner, leadingtoN = 3, 5, 7, 15, 21. These values of N are also the only
admissible ones for the solutions of type “IV + II,”, where the solution 6-tuple splits into one of the irreducible quadruples
(IV) and a pair of the form (Il ). Solutions of type “Ill; + Ill;” and “Ill; + I, + 1" lead to N = 3, 5, 15, and those of type
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“Ill; +11I,” to N = 3, 5, 9, 15. There remain three types of possible rational solution 6-tuples:

(1) “MI, + 10y + 17

(2)“ly, + Iy + 11,75

(3) “Il, + 111, ",
Case (1). We first study the case when (38) contains at least one zero cosine (in particular, this includes (1)). There are four
inequivalent possibilities:
(1.1)Set Y’ = 0, then from (38) follows XY = Z’. This equation clearly reduces to (24) with n = 3 and ¢ 5 3 € Q, hence its
solutions are described by Lemma 20. Solutions equivalent to (Ill;) can lead only to N = 3, 5, 15, and it remains to consider
solutions of type “Ill,” and “Il, +1".

(1.1.1) Solution of XY = Z’ has the form (Ill,) only if X = 1 (i.e. N = 3)or Y = =1. In the latter case Z’ = +X and
w = £(1 4+ X). Now computing Y’ = w — Y’ — XZ' we find cos wry» = &£ (cosry — cos2rry — cos/3). By virtue of
Lemma 17, for N > 9 one has ry» € Q. We can thus apply Lemma 20 to the last relation. Irreducible quadruples (IV) lead to
N =3, 5,7, 15, solutions of type “Ill; 4+ 1" to N = 5, and solutions of type “Ill, + 1" and “Il, + 1I,” toN = 3.

(1.1.2) Now consider solutions of XY = Z’ containing at least one zero cosine. Note that Z’ # 0 for N > 7, since by
(35) Y« = Zkrv—1),2 and we have already put Y’ = 0. One can therefore assume that ry = ry = 1/2 (mod 27),
7' = 2 cosm(2ry = 1/2). Computation of Y” then gives

cosmryr = cosw(2rx = 1/2) — cosw (3rx £ 1/2). (39)

IfN > 9, one can apply to (39) Lemma 20. Solutions (IlI;) and (lIl, ) can lead only to N = 3, 5and N = 3, 5, 15 correspond-
ingly. Since Y” % 0, the only possible N for solutions of type “Il, + I" is 3. As a consequence, from now on we can assume
that Y’ # 0.

(1.2) Suppose that Z' = 0. Here we will use two relations of the form (24). The first one, with n = 5, is merely (38) with
Z' =0:

Y + XY = XY (40)

Recall that we can restrict our attention to solutions of (40) of 2 types: “Il, + Il + 1" and “Ill, + II,,”. The second equation,
with n = 4, comes from the computation of Y”,

Y’ =Y +XY. (41)

Assume that N > 9toguaranteery, € Qand consider rational solutions of (41) given by Lemma 20. It is easy to check that the
quadruples equivalent to (IV) can only lead to N = 3, 5, 7, 15, 21, while for solutions of type “Ill; +1” one has N = 3, 5, 15.

Next we examine solutions of (41) of type “Ill, + I". Since Y, Y” # 0 it can be assumed that ry = rx £ 1/2 (mod 2Z)
and then the triple (IIl, ) becomes

cosmryr = cosm(ry £ 1/2) + cosm (2rx £+ 1/2),
giving N = 3, 9. Finally, for solutions of type “Il, + II,,”, since Y # Y”, we may write
Y" =2cosm(ry +rx), Y +2cosm(ry —rx) =0.
Second relation implies that ry = 2ry + 1 (mod 2Z) (remember that X # +2). Substituting this into (40), one finds

COSTTTryr — COS Ty — €OS 3mry + cosmw (2ry + ry’) + cosm (2ry — ryr) = 0. (42)

(1.2.1) Now consider solutions of (42) of type “Il, 4+ 1I,, +1". Note that Y, Y’ # 0. Furthermore cos 3xry = 0 implies N = 3,
therefore it may be assumed that cos 7 (2ry — ry/) = 0,i.e.ry» = 2ry £ 1/2 (mod 2Z). Then (42) transforms into

cosmw(2ry £1/2) —cosmry —cos3mry + cosm(4ry £1/2) = 0.

We are looking for rational solutions of the last relation that have type “Il,, +1I,,”, hence the only admissible values of N are
3and>5.

(1.2.2) Consider a solution of (42) of type “Ill, 4 II,,” and take into account the following comments:

e cosmry and cos 3wy cannot belong simultaneously to (Il ) because then the denominators of ry and rx would not have
odd divisors. They can neither belong simultaneously to (Ill,) unless N = 3. Therefore we may assume that cos 7ry and
cos 3rry are divided between (Ill,,) and (11, ).

e cosm(2ry £ ry/) cannot belong simultaneously to (Il ) as there is no enough place. It they are both in (Ill, ) then either
N =3orY’ = +£1.In the latter case, since Y’ belongs to (Il ), one can only have N = 3, 9. Hence it may be assumed that
cos 7w (2ry % 1yr) are divided between (Ill, ) and (Il ), and in particular Y” belongs to (III,).
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Then we are left with two inequivalent possibilities:

cosmry — cosmry +cosm(2ry —ry) =0 (Illy) (122.1)
cos 3nwry = cosm (2ry + ry’). (Iy) e
From the second equation one finds either Y’ = Y (forbidden) or ry» = —5ry (mod 2Z). But then the first equation
transforms into cos 571y + cos 7wry — cos wry = 0, which implies N = 3, 9.
cosmry — cos3mry +cosmw(2ry +ry) =0 (Ill,)
(1.2.2.2)
CcoSry = coS(2ry — Iy’). (Iy)

Again from the second equation follows either Y’ = Y or ryy = 3ry (mod 27Z). In the latter case the substitution into the
first equation gives cos 5ty = 0, hence the only admissible N is 5.

(1.3) Set cos w (rxy — ry) = 0. This implies ry = rx + €1/2 (mod 2Z), &1 = %1 and our initial equation (38) transforms into

coswry: + cosw (2rx + €1/2) = cosmry + cosmw(rx — ry’) + cosmw (rx + ry’). (43)

(1.3.1) We first study solutions of (43) of type “Il,, + II, + I". All cases when Y’ = 0 or Z’ = 0 have been considered above.
Moreover cos  (2rx + £1/2) = 0 would lead only to even N, therefore it can be assumed that cos 7 (ry — ry/) = 0,ie.ry =
rx +&2/2 (mod 27Z),&; = £1.Now Y # Y implies that s, = —gq.Settinge.g.ry = rx+1/2,1ryy = rx —1/2in(43) one finds

cosm(rx — 1/2) + cosw (2rx + 1/2) = coswry 4+ cosmw (2rx — 1/2).

Since we are looking for solutions of type “II, + II,,” of this equation and since Y’ # Z’, the only possible N is equal to 3.

(1.3.2) Next consider solutions of type “IIl, + II,". It can be assumed that cos 7 (rx = ry/) do not belong simultaneously to
(ILy ), as this would lead to X = 0 (N = 2) or Y’ = 0 (case studied above).

We may further assume that they are not simultaneously in (III, ), because one would then have N = 3 or Y’ = &,, where
&, = 1. In the latter case (43) would transform into

£2€08T /3 4 cosm(2rx + €1/2) = COSTIy + €3 COSTTy.
Since solutions of this equation should have type “Il, + II,” and since Y’ # Z’, one concludes that N = 3.
(1.3.2.1) Let cos wrys be in (Il ), then we may write (43) as

cosm (2rx +&1/2) = cosmry + cosm(rx +ry), ()
coswryr = cosm(ry — Iys). (Iy)

The second equation implies thatry = 2ry; (mod 2Z). Substituting this into the first equation one finds cos 7w (4ry' +¢&1/2) =
cos 1z + cos 3mrys, therefore N can only be equal to 3, 7, 21.
(1.3.2.2) Let cos wrys be in (Ill,) and let cos 7w (2rx + £1/2) be in (Il ). Then one can write

COSTryr = COS Iy + cosm(rx —ryr), (llly)
cosm(2ry +&1/2) =cosm(rx +ry), ()

and it follows that possible values of N are 3, 7, 21. Similarly if both cos w1y, and cos 7 (2rx + &1/2) are in (Ill,), one finds
N =23,5,9, 15.

(1.4) Finally suppose that cos 7w (ry — ry/) = 0. Thenrys = rx + &1/2 (mod 27Z), &1 = £1 and from (38) follows the relation
cosm(ry +&1/2) + cosm(ry —ry) + cosm(rx + ry) = cosmwry + cosw (2rx + €1/2). (44)

It is not necessary to examine solutions of (44) of type “Il, + I, + I"” because all cases when Y = 0,Z" = 0 or
cos T (ry £ ry) = 0 have already been considered above, and cos 7 (2rx & 1/2) = 0 gives N = 2. Hence we may restrict our
attention to solutions of type “Ill, + II,,”.

e cosm(ry + &1/2) and cos 7w (2rx + &1/2) cannot be simultaneously in (Il ) unless N = 3 and in (Ill,) unless N = 3, 9.
Therefore one can assume that they are divided between (1ll,) and (II, ).
e If both cos 7 (rx & ry) belong to (Il ), then either N = 3 or Y = &, &, = &1, but in the latter case (44) becomes

cosm(rx + €1/2) + &3 coswry = coS Iy + cosw(2rx + €1/2).

The solution of this equation should be of type “Il,, + II,,”. Since Y’ # Z’ and by the above assumption cos 7 (rx + €1/2)
and cos T (2rx + &1/2) are not in the same pair, this can happen only if cos 7 (rx + €1/2) + e, coswry = 0, i.e. odd N
are impossible. Thus we can assume that cos r (rx &= ry) in (44) are also divided between (Ill,,) and (Il ) and in particular
cos wrz belongs to (II,).
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We then have two inequivalent possibilities:

{cosn(rx +ry) =cosmry + cosmw (2rx +&1/2), () (14.1)

cosm(rx + €1/2) +cosm(rx —ry) = 0. (ILy)

From the second equation one finds that either Y = O orry = 2rx + €1/2 + 1 (mod 2Z). In the former case, substitution
into the first equation gives admissible values N = 3, 9, while for the latter N = 3, 5, 15.

(1.4.2)

cosm(rx +€1/2) + cosm(rx +ry) = cosmry, (ll,)
cosm(ry —1ry) = cosm(2rx + &1/2). (Iy)

Here from (Il ) follows that eitherry = —rx—eg;/2 (mod 2Z) (forbidden becausethenY = Y’)orry = 3rx+&;/2 (mod 2Z).
In the latter case first equation implies that N = 3, 5, 9, 15.

Case (2). Now we come back to the initial equation (38) and consider its solutions of type “Il, + II,, +11,,".
It can be assumed that cos 7 (ry £ ry/) are not in the same pair, as otherwise X = 0(N = 2)or Y’ = 0(already considered).
Similarly, if both cos 7 (ry & ry) are in the same pair, then Y = 0 and one can write

cosmryr = cosm(ry — Iy’), (IIy)
cosmry +cosm(ry +ry) =0. (1)

Since X # +£2, from (Il,) follows that ry = 2ry (mod 2Z) and then Z’ = —2cos 3wry.. Moreover Y = 0 implies that
w =Y/, therefore Y’ = —XZ/, i.e.

COS Ty = COS Ty’ + COS 57Ty,

For N > 9 we can apply Lemma 20 to the last relation. Its solutions of type (Ill;) and (Ill,) lead toN = 3,5and N = 3,9
correspondingly. Since Y’, Y” # 0 (because we already have Y = 0), solutions of type “Il,, + I" are possible only if N = 5.

Hence we can assume that cos w (ry & ry) are divided between two different pairs. These cannot be the same as for
cos 7 (ry = rys), otherwise the third pair would give Y’ = Z’. Therefore we may assume one of the pairs in (38) to be

cosm(ry —ry) = cosm(ry —ry). ()

Since Y # Y/, the last relation gives ry = 2rx — rys (mod 27Z). Now for the remaining two pairs there are two inequivalent
possibilities:
(2.1)If cos wry: and cos  (ry + ry) are in the same pair, then

cosmry +cosm(3ry —ryr) =0, (Iy)
cosmry + cosm(ry +ry) = 0. (I1,)

From (Il ) one finds that either N = 3 or cos w (3rx — 2ry/)/2 = 0. In the latter case, compute w:
wo=Y+Y +XY =4cosnry/2cosw(3ry — 2ry1)/2 =0,

i.e. the initial assumption @ # 0 does not hold.
(2.2) If cos wrys and cos 7 (ry + rys) are in the same pair, then

cosmry = cosm(rx +ry), ()
cosmry =cosmw(3ry —ry).  (I,)

First equation implies that ry = —2ry (mod 2Z). Therefore X = 2cos2nry,, Y = 2cos5nry, Z/ = 2cos7mry. Let us
computew =Y + Y’ + XY:

w=2cosmry + 2cos3mry + 2cos5mryr + 2 cos7mryr.
The computation of Y/ = @w — Y’ — XZ' now gives
COSryr = C0S 3wy, + cOS7mrys — cOS 9mry:. (45)

ForN > 9, we can apply to (45) Lemma 20. Solutions of type (IV), “Ill; +1” and “lll, +1" canlead only toN = 3,5, 7,9, 15, 21.
Since Y” # 7', solutions of type “Il, + II,,” are possible only if N = 5.

Case(3). It remains to consider solutions of (38) of type “Ill,, 4 III;,".

(3.1) If both cos 7 (ry & ry/) appear in the same triple, then N = 3 or Y’ = 41. In the latter case, (38) transforms into

+cosm /3 + cosm(rx +1y) + cosm(rxy —ry) = COSTry £ COSTTTy. (46)

The solution of (46) should have type “Ill, + 1I,,”, and moreover cos wrx belongs to (Il ). If the second cosine in (Il ) is
cosm/3,then N = 3.1f cos wry & cos mry = 0, then from (1) again follows N = 3. Therefore it can be assumed that

Ffcosmw/3+cosm(rx +r1y) =cosmry, (Illy)
cosm(ry —ry) = £ cosmry. (Iry)
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Fig. 4. Labeling of ¥ (0y,) in Lemma 31.

Since Y # =42, the second equation implies that ry = 2rx + 1/2 F 1/2, but then from the first equation follows N = 3, 9.
Hence from now on we assume that cos 7t (ry = ry) belong to different triples.

(3.2) If cos T (rx £ ry) are in the same triple, then N = 3 or Y = +1. In the latter case (38) can be rewritten as

COSTryr = COSry + cosm(rx +ry), (lll,)
+cosmry = cosm(ry — ry’). (Iy)

Again from (Il ) follows ry» = 2rx + 1/2 F 1/2, and (lll,) then implies that N = 3, 5, 15. Therefore we assume in the
following that cos r (ryx & ry), as well as cos 1y and cos 717/, are divided between the two triples.
(3.3) Without loss of generality we can now write (38) as

cosmry +cosm(ry —ry) —cosm(ry —ry) =0, (Illy)

CoS Tz + cosm(rx +ry)) —cosm(rx +1y) =0, (Illy) (47)

or, in another form,

TQrx — 1y — 1y w(ry —ry
cosry + 2 sin (2rx Y Y)sin (ry Y):0, (Ill,)

2 2
T2y +r1y + 1y w(ry —ry
COS Tz + 2 sin (X+2Y+ Y)sin (YZ Y)=0. (IMy)

7 (ry —ryr)

If sin 5

#* i%, then one should simultaneously have

TQ2rx —ry —1y) & . wQRrx+ry+1v) 8
n—m— — = —, sin ————— = —, (48)
2 2 2 2

where g1, = £1 (in fact &5 = —&1, otherwise Y’ = Z’). Eqs. (48) lead to N = 3, therefore we can assume that

T (ry — I'yr &€
AU SN (49)
2 2

Let us compute Y/ = Y + XY — XZ' using (47) and (49). After some simplifications one finds

w4y +ry 41y
cosmryr = cosm(ry +1y) + cosm(ry — ry’) + &3 sin % (50)
Relation (49) implies that ry = rys + &3/3 (mod 4Z) or ry = rys + 5&3/3 (mod 4Z). Similarly, the first relation in (47) gives
either N = 3orry = 2rys +¢&4/3 (mod 2Z), ¢4 = £1. We now substitute this into (50) and apply Lemma 20 (for N > 9). So-
lutions of type (IV) and “Ill; +1" then lead to admissible valuesN = 3, 5,7, 9, 15, 21and N = 3, 5, 15 correspondingly, while
solutions of type “Ill, +1" and “Il, 411, give N = 3, 5,9, 15and N = 3, 9. This concludes the proof of Proposition29. O

Lemma 31. Let N and nx be odd and let wy = w; # 0. If the graph X (0y,) is a simple cycle and Oy, contains a point with
coordinate Z (or Y ) equal to O, then the only possible values of N are 3,5,7,9, 15, 21.

Proof. Analogously to the previous proof, let us label the vertices of X'(0,,) by their coordinates (Y, Z), as shown in Fig. 4.

Because of the simple cycle assumption all points of O, are good, therefore all {Y;} and {Z;} have the form (32). It will be

assumed that N > 3, then by Lemma 23 four numbers Y, Y’, Y”, Z’ are distinct and non-zero (recall that Yy = Zxyv—1),2)-
We now apply Lemma 20 to the relation

COSTTTy + COSTTTyr = COS Tz + cosm(rxy + ry’) + cosm (ry — ry’). (51)

Its solutions of type (V,,), (V1)-(V3), “IV+ 1" canleadonlytoN = 3,5, 7, 15, 21.

The solutions of type “Il, +II, +1" are forbidden. Indeed, since Y, Y’, Z’ # 0, in this case one could write cos 77 (rx —ry/) =
0, but then one of the pairs (II,), (Il ) would give Y = Z" or Y’ = Z’ (impossible) or Y 4+ Y’ = 0 (excluded because then
w =0).

Next we consider solutions of type “Ill; 411,”. Since Y’ # 0, two cosines cos 7 (rx &= ry’) cannot belong both to (II, ). They
can neither be simultaneously in (Ill; ), as (II,) would then give Y = Z’ or Y’ = Z’ or Y + Y’ = 0. Therefore it can be assumed
that cos 7 (rxy — ry) belongs to (Il,) and cos  (rx + ry/) is in (Ill; ). Now if cos 7wy is in (III; ), then admissible values of N are
3,5, 15.If cos wrys belongs to (Il ), then ry = 2ry» (mod 2Z). Substituting this into (IIl; ), we obtain N = 5, 9, 15.
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Fig. 5. Labeling of ¥ (0Oy,) in Proposition 32.

It remains to consider solutions of (51) of type “lll, + II,”. By the same argument as above we can assume that
cosm (ry — ry’) isin (Il) and cos w (rx + ry/) is in (1ll, ).
Assume that cos wrry is in (I, ). Then ry = 2ry» (mod 2Z) and the triple (1, ) becomes

COSTTTry = COSTIz + COS3mryr.

Therefore we can assume that ry = 3rys £ 1/3 (mod 2Z), r;» = 3rys & 2/3 (mod 27Z). Let us substitute these expressions
into an easily verified relation

COSTTTryr = COSTTy — COST(rx — Iz7) — cosm (rx + 1z7). (52)

Its solutions of type (IV) and “Ill; + I” lead to admissible values N = 3,5,7, 15,21 and N = 3, 5, 15 correspondingly (in
fact this conclusion does not depend on any of our previous assumptions). Since Y, Y” # 0, solutions of type “Ill, 4 I" give
N = 3, 5, 15. Finally, since Y # Y”, solutions of type “Il, + II,,” are only possible for N = 3.

On the other hand, if cos wry: belongs to the triple (lll,) then, since cos 7 (rx + ry/) is also in (lll,), we can set ry =
—2ry + ¢/3 (mod 2Z), e = %1, otherwise N = 3. Hence

(1) If cos rry is the third cosine in (IIl, ), then
Y = —2cosm(ry + £/3), Z' = —2cosm (3ry — &/3).

Now let us look at Eq. (52). When its solution has type “Ill, + I”, it can be assumed that cos 7 (rx — 1) = 0, but then
N = 3,5, 15. For solutions of type “Il, + Il,” we can write cos wry = cos w (rx — 1z/), whichleadsto N = 3, 9.

(2) If cos rry belongs to (11, ), then one finds
Y = 2cosm(3ryr — &/3), Z' =2cosm(ry +¢/3).
In this case, solutions of (52) of type “Ill, + I" and “Il, + II,,” lead to admissible valuesN = 3,9. O

Proposition 32. Let N and nx be odd and let wy = w; # 0. If the graph X (0,,) is a simple cycle then the only possible values
of Nare3,5,7,9, 11, 15, 21.

Proof. Let us start with the obvious relation Y + XZ = Y” + XZ’ (see Fig. 5), written as
cosmry + cosm(ry +17) + cosm(ry —1z) = cosmwryn 4+ cosm (rx + 17/) + cosm(ry — 1z/). (53)

We can assume that this relation does not contain zero cosines. Indeed, the case when Y = 0 or Y/ = 0 is completely
described by Lemma 31.1f cos 7 (ry & 17) = 0 or cos w (ry = 17) = 0, then Z or Z’ is equal to £+/4 — X2. Now recall that by
Lemma 23 in a simple cycle all {Z;} are distinct, therefore already for N > 5 it will be possible to find a pair (Zx, Zx+1) which
does not contain prescribed two values =+/4 — X2 (Assumption 1).

Next we exclude solutions of type (VI;)-(VIs), “IV + I1,”, “Ill; + 11", “Ill; + 1II,”, as they can lead only to N = 3, 5,
7,9, 11, 15, 21 (note that solutions of (53) satisfy a condition 51mllar to (a) in the proof of Proposition 29). Then there remain
three types of possible solution 6-tuples:

(1)“IL, + 11,,, + 1,

(2) “111 1111,,",

(3) “Vl "

Case (1). It can be assumed that two cosines cos 7 (rx = rz) (and cos 7 (rx = 7)) are divided between two different pairs.
Otherwise Z = 0 (resp. Z’ = 0) and one obtains restrictions on N from Lemma 31. The pairs cannot be the same in both
cases because then Y = Y”. Therefore we can set one of the pairs to be

cosm(ry —1z) =cosm(ry —1z). () (54)

Since Z # Z’, one has r» = 2rx — r; (mod 2Z). For the remaining two pairs, there are two inequivalent possibilities:

{cos mry 4+ cosm(ry +17) =0, (ILy) (1.1)

cosmryr +cosw(3ry —1z) = 0. (Il,)

Here fromY +Y' +XZ = Z + Z' + XY’ follows that either N = 3 or Y’ = —2 cos 7w (ry — 7). In the latter case, however,
computing w = Y + Y’ + XZ we find forbidden value w = 0.

{cos ary = cosw(3ry —1z), () (1.2)

cosmryr = cosm(rx +1z7). (1I,)
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Substituting these relations into Z + XY = Z’ + XY’ and Z” + XY” = Z + XY/, one obtains
cosmrs; 4 cosm(4ry —rz) = cosm(rx — ry) + cosm(rx +1yr), (55)
cosmrzr + cosmw (2ry +17) = cosm(ry — ry’) + cosmw (ry + ryr). (56)
Solutions of (55), (56) of type (IV) and “Ill; + I” can lead only to N = 3, 5, 7, 15, 21, therefore we can restrict our attention
to solutions of type “Ill, + I” and “II,, + II,”.

(1.2.1) Suppose that the solution of (55) is of type “Ill, + I". If cos 7w (4rx — rz) = 0 and cos 7 (ry & ry-) are in (IIl, ), then
N =3orr; = 4rx + &1/2 (mod 27Z), Y’ = &3, €12 = £1. In the second case (56) transforms into

cosrzr + cosm (6ry + €1/2) = e, cosmry.

Now if the solution of this equation has type (Ill, ) or (Ill;), then N = 3,5, 7, 15, 21. Since it can be assumed that Z” # 0,
type “Il, + I" solutions give N = 3.
On the other hand, if cos 7w (ry — ry) = 0,i.e.ry = rx +&1/2 (mod 2Z), &1 = %1, then the triple (Ill, ) in (55) is given by

cosmr; + cosmw (4ry — 1z) = cosmw(2rx + &1/2).
This relation implies that either (a) r; = 2rx — €1/2 + &3/3 (mod 2Z) or (b) r; = 6rx + €1/2 4+ €2 /3 (mod 2Z). In the case
(a) Eq. (56) transforms into

cosmrzr + cosm(4ry — &1/2 4 €3/3) = cosw (2rx + €1/2).

Its solutions of type (lIl,) and “Il, + I" lead to admissible values N = 3, 9. Similarly, in the case (b) relation (56) gives
N =3,5,9, 15.

(1.2.2) The case when the solution of (56) is of type “Ill, + I” is treated analogously to (1.2.1), hence we can assume
that solutions of both (55) and (56) have the form “Il, + II,,”. Thanks to Lemma 31, it can be assumed that Y” # 0 so that

cos (rx & rys) in (55), (56) are divided between the two pairs. Since Z # 7", we may write without loss of generality

cos(4ry —rz) = cosm(ry — Iy’),
cos T (2rx + 17) = cosw (rx + 1y).

From the first equation follows either ryy = —3rx+r; (mod 27Z) (forbidden because thenY = Y’)orrys = 5rx—rz (mod 27).
In the latter case the second equation becomes

cos (2ry +17) = cosmw (6ry —17),

and implies that 2rx — r; € Z. This in turn gives Z’ = £2, which is impossible as all points in O, are good.

Case (2). Suppose that Z and Z’ are not equal to £1 (Assumption 2). Clearly for N > 9 one will always be able to find in 0, a
pair (Z, Z’) satisfying Assumptions 1 and 2. Then in (53) the two cosines cos 7 (rx £17), as well as cos 7 (ry &= 17), are divided
between the two triples (Ill,) and (1ll, ), otherwise X = &1 and N = 3. We can therefore write

{cos wry +cosm(ry —1z) —cosm(rx — 1) =0, (Illy) (57)

cosmryr —cosm(rx +1z) +cosm(rx +1z) =0. ()
Similarly to the proof of Proposition 29, case (3.3) one can show that
7w (rz —17) 1

sin ——— =+,
2 2

ie.ry =17+ €1/3 (mod 2Z), &1 = £1.
Fromw =Y +Y +XZ =Z +Z' + XY’ follows that

X—Do=XY+X?-2Z+Z-Z7.
Substituting (57) into this relation, we find
X —1w=2cosm(2rx +17) +2cosm(2rx —1z7) = 2cosmw(2rx +17) +2cosmw (2ry —rz; — €1/3).

Recall that for a simple cycle of length N, one may write N relations of the form (53) which correspond to different
unordered pairs (Z, Z). Suppose there exists a second relation whose solution has the form “Ill, + I, ”, and the associated

pair (Z, Z') satisfies Assumptions 1 and 2. Then we can write
cosm(2rx +17) +cosm(2ry — 1z —e1/3) = cosm(2rx +17) + cosmw 2ry — 15 — £2/3), (58)

where r;, = 17 + £,/3 (mod 2Z), &, = £1.1f &1 = &, then (58) implies that either N = 3 or the pairs (Z, Z') and Z,7)
coincide. Let us now set ¢, = —¢g4 and consider rational solutions of (58).
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Solutions of type (IV) and “Ill; 4+ " canlead only to N = 3,5,7, 15,21 and N = 3, 5, 15 correspondingly. Solutions of
type “Ill, + 1" give N = 3, 9. Finally, since @ # 0 and it may be assumed that X # 1, for solutions of type “Il,, + II,,” there
are two possibilities:

{cosn(er +17) = cosm(2rx +13), (2.1)

cosm(2rx —rz; —&1/3) = cosm(2rx —r; + €1/3).

Ifr; = r; (mod 2Z), then the second equation implies that r; = 2rx + (1 — ¢3)/2 (mod 2Z), e3 = £1. Assume that N # 3,
then from the relation (X — 1)(Y' —Z) = Y — Z" we find

COSTTTy = &3 (cos 2y — cosm(rx + &1/3) — cos n/3>.

Rational solutions of this equation lead to admissible values N = 3,5, 7,9, 15. Now if we take as the solution of the first
equationin(2.1)r; = —4rx —rz (mod 2Z), then from the second equation followsr; = —2rx —¢&1/34(1—¢3)/2 (mod 2Z).
Computing Y’ from (X — 1)(Y' — Z’) = Y” — Z, one finds the same values of N.

{cosn(ZrX +17) = cosw(2ry — 15 + £1/3), (22)

cosw(2ry — 17 — &1/3) = cosw (2rx +13).

This case is completely analogous to (2.1).

Case(3). Recall that solutions of (24) relevant for (53) should satisfy an additional constraint e1¢1 + €20 + €393 + €494 € Z
with some &1,34 = =£1. This condition implies that ¢ £ 1/6 in (VI,) belong or do not belong to {¢1, 2, @3, @4}
simultaneously, otherwise admissible N are 3, 5, 15. Furthermore if we assume that N # 3,5, 15, the unordered pairs
(rx + 1z, rx —17) and (rx + rz, rx — rz7) can only be equivalent to the following:

(3.1) Qe +1/3,2¢ — 1/3) and 2¢ + 3/5,2¢ — 3/5),

(3.2) Qe +1/3,2¢ — 1/3) and 2¢ + 1/5,2¢ — 1/5),

(3.3) 2p + 1/5,2¢ — 1/5) and ¢ + 2/5, 2¢ — 2/5).

Here ¢ € Q and all entries in (3.1)-(3.3) are considered mod 2Z. Now observe that in (3.1) and (3.2) either Z or Z’ is
equal to &1, therefore such 6-tuples can be excluded by Assumption 1. In the case (3.3), unordered pair (Z, Z’) is equal to
(2cosm/5,2cos2m /5) or (—2cosm /5, —2cos 2w /5).

Let us now summarize the above results. If N # 3,5,7,9, 11, 15, 21, then N relations (53) can have only the following
solutions:

(a) with Z or Z’ equal to 1, /4 — X?,

(b) solutions of type “Ill, + IIl,” (and “VI1,") satisfying Assumptions 1 and 2; these appear in Oy, at most once (resp.
twice).

However, under such restrictions the length of Oy, cannot exceed 11 because of Lemma 23 (as all Z; in the simple cycle
are distinct). O

Proposition 33. Let wy = wz; = 0. Then either N < 15 or the suborbit Oy, has the form

X =2cosmry,
Yi = —2cos 7 [rx(1+ 2ko — 2k) + 1], (59)
Z = 2cos [ 2rx (ko — k) + 17].
whereky € {0,1,...,N —1}andrx; € Q.
Proof. Let us consider the relation (see Fig. 5)
Ccosmry + cosmryr + cosm(ry +17z) + cosm(ry —1r7) = 0. (60)

For N > 15 (N > 6 in the simple cycle case) one will always be able to find in O, a solution with 1y y/ ; € Q satisfying the

restrictions Y, Y’ # 0 and Z # 0, ++/4 — X2. With these requirements, the solution of (60) cannot be of type “Ill; + I” or
“Ill, + 1" as the relation (60) does not contain zero cosines. Moreover one cannot have solutions of type “Il, + II,,” with
Y+Y =0unlessX =0,ie.N = 2.

For the remaining “Il, + Il,” solutions one can write

Y = —2cosm(ryx +17), Y = —2cosm(ry —17).
Setting Y = Yy,, Y’ = Y,41 we find that o, 8 in (21) are given by
a = —2cos[ry(1+4 2ko) + 7], B = 2cos[2korx + 17].

and hence {Y}, {Zx} have the form (59).

Now we can assume that all solutions satisfying the above restrictions are equivalent to the quadruples (IV). This leads
to admissible values N = 3, 5, 7, 15, 30, 42. However, the lengths N = 30, 42 can be excluded because it is not possible to
generate from (IV) a sufficient number of solutions with the same value of X and different Z.



0. Lisovyy, Y. Tykhyy / Journal of Geometry and Physics 85 (2014) 124-163 145

XYoZ) (X YZ) XYyZyy) (X YinZy)

-~ -~

s
Ymmn

7 '~ !

z y z y z

(XkJYkizk) (XUYkH’Zk) (Xk+|>Yk*1’Zk+1) (XkH’Yle’Zkfl)

Fig. 6. Labeling of X' (0,,) in Proposition 34.

Example. Checking all the quadruples (IV) with X = 2cosw /30 we find that there are only six possible values of Z:
+2cos7m /30, +2cos 11 /30 and £2 cos 137 /30. O

Assume that Oy, has the form (59). If wx = 0, then from (10) and (59) follows that w4 = 0. Finite orbits of the induced
A action (14) with wy = wy = wz; = w4 = 0 will be called Cayley orbits because in this case the Jimbo-Fricke relation (10)
reduces to Cayley cubic

XYZ+X?*4+Y24+272—4=0. (61)

Cayley orbits admit a simple characterization, though their size can be arbitrarily large. To each of these orbits one can
assign in a non-unique way a pair of rational numbers. Indeed, consider an arbitrary pointr = (X,Y,Z) € O. It is not
fixed by at least one transformation, say x (we assume that O consists of more than one point). Lemma 17 then implies that
Y =2cosnry,Z = 2cosnr; withry z € Q. The relation (61) can be rewritten as

(X 4+ 2cosm(ry +12))(X + 2cos(ry —17)) =0,

hence we may assume that X = —2 cos (ry + r7) (if X = —2 cos 7w (ry — rz), start from x(X, Y, Z)). Now making one step
from (X, Y, Z) by x, y and z one finds

X(x(r)) = —=2cosm(ry —17),
Y(y(r)) = 2cosm (ry + 217),
Z(z(r)) = 2cosm (2ry +17).

Continuing by induction we see that for any other point (X', Y’,Z’) € O one has X’ = 2cosnry, Y = 2cosnry,Z =
2cosmry, where ryryr » € Q and the denominators of rx’ y z are divisors of the common denominator of ry and r;.
Lemma 23 then guarantees that O is finite.

Proposition 34. Let wy = wz; = 0.If O, has the form (59) and wx # 0, then N < 12.

Proof. Let us make one step by x from each point of O, (see Fig. 6). Using (59), from the relations wx = X + Xy + YiZy =
X + Xy + Yk+1Zk one finds

wx = Xi—2cosm|rx(4ko — 4k + 1) + 2r7] (62)
= X¢—2cosm|ryx(4ko — 4k — 1) + 2r7],
foranyk =0, 1,..., N — 1.If the point (X, Yy, Z;) is good then by Lemma 17
Xy =2cosmry, T1x, €Q. (63)

It can be bad in two cases:

(1) The graph of O, is a line, (X, Yk, Z) corresponds to one of its end vertices and X; = X. Since N > 1, X still has the
form (63).

(2) (X, Yk, Zy) is fixed by the transformations y and z. Then from (20) follows that either X, = 2 or Yy = Z, = 0.In
the latter case, however, the condition N > 1 is violated since the whole orbit O consists of only two points (X, 0, 0) and
(wx —X,0,0).

Thus all X;, and X have the form (63) and the solutions of (62) are classified by Lemma 20.

Introduce 2N quantities Wy, . .., W5y_; defined by

W = Xy — wx, Was1 = Xe —wx, k=0,...,N—1.

Obviously, W) = 2 cos w [rx(] + 4ko — 2I) + 2rz]. We now want to show that the number of coinciding W, cannot exceed 4.
Indeed, fix some [, then Wy = W, implies that (a) /' — [ = 0 mod N or (b) rx(1 + 4kqg — | — I') + 2r; € Z. The former case
leads to one compatible Wy, while the latter gives at most two: if I} and I, satisfy (b), then necessarily I} — I, = 0 mod N.

In the proof of Propositions 26 and 27 we have shown that the maximal number of ordered pairs (cosry, cos 1),
r12 € Qsuch that coswry 4+ cosmr, = const # 0 is equal to 6. Hence the number of distinct possible values for all W;'s
cannot exceed 6 and the total number of W/’s, equal to 2N, cannot exceed 24. O
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Table 2
Restrictions on possible values of X for N > 1.
Restrictions on N, nx Number of possible X
Wk # 0k N < 10, nx odd and even 31

N < 10, ny odd and even,
N =11, 15, 21, nx odd

N < 15, ny odd and even 71

wy =wz #0 46
wy = wy = 0 with
a)x75001’a)4?50

Table 3
Admissible values of good coordinates.

goodX goodY  goodZ

(A % 4 4
(B) 4 4 4
(O 4 4
(D) 4 % %
(E) 4 43 43

Let us summarize the results of this subsection. Given a finite orbit O, common coordinate X of all points of any 2-colored
suborbit Oy, C O of length N > 1 has the form X = 2cosnwnx/N,0 < ny < N, where N and ny are coprime. Unless
wx = wy = wzy = ws = 0, one has a number of restrictions on possible values of N and ny listed in Table 2. These
restrictions imply in particular that X can take only a finite number of explicitly defined values. In the next subsection, we
use this observation to construct an exhaustive search algorithm giving all finite orbits of (14).

2.6. Search algorithm

Let 0 C C3 be a finite orbit of the induced A action (14) consisting of more than one point. Since we are interested in
nonequivalent orbits, it can be assumed that the parameters wy y 7 4 satisfy one of the following sets of constraints:

(A) oy # oy # 03,

(B) wy # 0y, wy = wz # 0,

(Qawx # 0,0y =w; =0,

(D) wx = wy = wz # 0,

(E)wx = wy = wz = 0,4 # 0,

(F)wx = wy = wz = w4 = 0.

In what follows, the case (F) will be omitted, as all finite orbits with such parameter values have already been described
above.

Definition 35. Letr = (X, Y, Z) be a point in O. Its coordinate X (or Y, Z) will be called good if r is not fixed by at least one
of the transformations y and z (resp. x and z, x and y).

Remark 36. All coordinates of a good point are good. If r is a bad point, e.g. fixed by y and z but not by x, then it has good
coordinates Y and Z.

Define three finite sets of numbers (cf. Table 2):
n
8 = {ZcosW|l < N < 10, n odd and even} ,
n
8 = {ZCOSW“ < N < 10, nodd and even; N = 11, 15, 21, nodd} ,
n
85 = {2c05W|1 < N < 15, nodd and even} )
In all three cases n is supposed to be coprime with N and 0 < n < N. Now the results of the previous subsection imply that
good coordinates of any point r € O belong to one of these lists according to Table 3.

Any orbit O is completely defined by a point r € O and the parameter triple @ = (wy, wy, wz). Equivalently, instead of
® one can use three points x(r), y(r), z(r) (some of them can coincide with r). Denote

X' = X(x(r)), Y =Y (y(r), Z' =Z(z(r)), (64)
then we have
wx =X+X +YZ, wy=Y+Y +XZ, w;=2Z+7 +XY. (65)

Definition 37. Let r be a good point in a finite orbit O. The set of four points {r, x(r), y(r), z(r)} will be called a good
generating configuration (GGC) for O if at least two of three points x(r), y(r), z(r) are good.
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Fig. 8. 6-vertex graph without GGCs.

Lemma 38. Let O be a finite orbit that does not contain a GGC. Then X (0) can only be equivalent (up to permutations of colors)
to one of the four graphs shown in Fig. 7.

Proof. If O contains more than 2 points, then at least one of them is good. Denoting this point by r, we can assume that y(r)
and z(r) are bad. Now if x(r) = r, then one obtains orbit IIl. The case when x(r) # r is bad corresponds to orbit IV. Finally, if
x(r) # ris another good point, then by assumptions of the Lemma the points y(x(r)) and z(x(r)) are bad, and X'(0) is given
by the 6-vertex graph represented in Fig. 8.

It turns out, however, that this last graph is forbidden. To see this, note that yz-suborbits 1-2-3 and 4-5-6 both have length
3, therefore X’ and X” are equal to £1. Since X’ # X", one can set X’ = 1, X” = —1. Then from the relations corresponding
to y- and z-edges,

wy=Y+Y +XZ=2Y4+XZ =2Y+X"Z"=Y+Y'+X'Z,

wy=2+7 +XY=2Z2+XY =22+X"Y'=Z2+7"+X"Y,
it followsthatY = —Z’ =Z" and Z = —Y’ = Y”. Self-loops of color x at the points 1, 3, 4 and 6 in turn imply that wx = 0,
Y? = Z? = 2. However, this is incompatible with the x-edge 2-5, which gives wy = YZ. O

The orbits of (14) with graphs I-IV are completely described by the following:

Lemma 39. 1. Orbits of type I consist of one point (X, Y, Z) € C3. The parameters wy.y 7.4 are given by

ox =2X+YZ,  wy=2Y+XZ, w;=27+XY, (66)

ws =4+ 2XYZ + X2 + Y2 4+ 72 (67)

2. Any orbit of type Il is equivalent to an orbit consisting of 2 points (X', 0, 0) and (X", 0, 0), where X', X" € C, X’ # X" and
wx =X +X" oy =w; =0,ws =4+ XX".

3. Any orbit of type Il is equivalent to an orbit consisting of 3 points (1, 0, 0), (1, w, 0), (1, 0, w), where w € C* and wx = 2,
Wy = wz; = w, w4 = 5.

4. Any orbit of type IV is equivalent to an orbit consisting of 4 points (1,1, 1), (w — 2,1, 1), (1,w — 2, 1), (1, 1, @ — 2), where
weCw#3and wx = wy = w7 = 0, Wg = 3.

Proof. Statement 1 is obvious (w4 is determined from (10)), hence we start with orbits of type Il. In this case, since
xy- and xz-suborbits 1-2 have length 2, one finds Y = Z = 0. From the relations corresponding to the self-loops then
follows wy = wz = 0.

For orbits of type III, xy-suborbit 1-2 and xz-suborbit 2-3 both have length 2, therefore Y = Z = 0. Similarly, yz-suborbit
1-2-3 has length 3 and thus X = #+1. Since the simultaneous change of signs of e.g. wx, wy, and also X- and Y-coordinates
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of all points leads to an equivalent orbit, one can set X = 1, and then x-self-loop at the point 2 gives wx = 2. At last, y- and
z-edges of the graph imply that oy = w; = Y' =27,

In graph IV, xy-suborbit 1-4-2, xz-suborbit 1-4-3 and yz-suborbit 2-4-3 have length 3, therefore X, Y and Z are equal to
+1. It can be assumed that either (a)X =Y =Z = 1or(b)X =Y = Z = —1. In the case (a), y- and z-self-loops at the
point 1imply that wy = wz = 2 + X’, hence by symmetry

wX:a)y:a)ZZZ—i—X/:Z—}-Y/:Z—}-Z',

and the relations corresponding to the edges 1-4, 2-4 and 3-4 are satisfied automatically. In the case (b), one similarly finds
wy =wy =wz; =—2—X' =-2-Y = -2 -7, buteg. the relation 1-2 gives wy = X’. Thus X’ = —1 and we obtain a
contradiction. O

Unless wy = wy = wz; = wyq = 0, one has only a finite number of GGCs (and hence only a finite number of finite orbits
different from I to IV). Indeed, these configurations can be of two types:

Type (i). All four points r, x(r), y(r), z(r) € O are good. In this case six coordinates X, Y, Z, X', Y’, Z’ (defined by (64)) are
good, hence each of them can take only a finite number of values, as specified in Table 3.

Type (ii). One of three points x(r), y(r), z(r) € O is bad. Suppose e.g. that x(r) is bad, then X, Y, Z, Y’, Z’ are good coordinates,
but X’ is not. However, since x(r) is fixed by y and z, we have the equations

wy =2Y4+XZ=Y+Y +XZ,

wy =2Z+X'Y=Z+Z +XY. (68)

Unless Y = Z = 0, one can use (68) to express X’ in terms of good coordinates. Also notice that Y, Z, Y’, Z’ should satisfy an
additional relation

Y(Y-Y)=2ZZ-27). (69)

On the other hand if Y = Z = 0, then (68) implies that wy = w; = 0, the orbit O is of type Il and in particular it does not
contain a GGC.

Let us now describe in more detail the sets of good coordinates generating all possible candidates for finite orbits, different
from orbits [-IV and those of Cayley type:

Class 1 (A-i). Here one has 31% &~ 10° GGCs, corresponding to all possible X, Y, Z, X', Y', Z’ € ;. Since we are interested in
nonequivalent orbits, it can be assumed that either0 <X <Y <Zor0 > X > Y > Z, and then the above number reduces
to16- 17 - 18 - 313/3 — 1 = 48618911. We do not exclude the remaining equivalent GGCs for simplicity of the algorithm.

Class 2 (A-ii, B-ii, C-ii, D-ii, E-ii). In this case it is convenient to deal not only with wy y 7 satisfying one of the conditions
(A)-(E), but also with equivalent parameter triples. One can then assume that x(r) isbadand0 <Y < Z,Z > 0.Since Z’ can
now be determined from (69), the whole orbit is completely fixed by four good coordinates X, Y, Z, Y/, taking their values
in the set

n
84 = {2c05W|1 <N <15N :21,noddandeven},

consisting of 83 elements. The total number of configurations to be checked is therefore equal to 41 - 22 - 83> = 6213878.
Class 3 (B-i, C-i). Here we use good coordinates X, X' € 84, Y,Y’, Z € 81, while Z’ is computed from

Z'=(Y+Y +X2) —Z - XY,

and it can be assumed that 0 < |Y| < Z. This gives 16% - 31 - 83% = 54671104 configurations, from which we should choose
only those with Z’ € 4;.

Class 4 (D-i, E-i). These orbits are completely determined by X, X', Y, Z € 4,.Since x(r), y(r), z(r) are good, it can be assumed
that X <Y < Z, which leads to 83% - 84 - 85/6 = 8197910 possibilities.
In order to check which generating sets do actually lead to finite orbits, one can use the following algorithm:

1. Consider any generating set from the above as a set & of known orbit points and known adjacency relations between
them. E.g. if it is known by construction that x(r) = r’ for somer, r' € £, we will say that r’ is a known x-neighbor of
r and vice versa. Thus any point r € & has at most 3 known neighbors, corresponding to x-, y- and z-edges originating
fromr.

2. If the set is characterized by wy = wy = w; = w4 = 0, the algorithm stops (the only finite orbits with such parameters
are Cayley orbits).

3. Using &, construct the set £ of points with at least one unknown neighbor.

4. Choose an arbitrary pointr = (X, Y, Z) € £". Assume for definiteness that its x-neighbor x(r) = (X', Y, Z) is unknown.
Then compute X" and proceed as follows:
4.1. If (X', Y,Z) € Y, then add the appropriate x-adjacency relation to &, update 2" and go to Step 5, else
4.2. If X’ has a good value (in practice it is sufficient to require X’ € 44), then add (X', Y, Z) and the appropriate

x-adjacency relation to &, update £ and go to Step 4, else
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4.3. If2Y + X'Z = wy and 2Z + X'Y = wy, then add (X', Y, Z) and the appropriate x-, y- and z-adjacency relations to /2,
update £ and go to Step 5, else the algorithm stops (the orbit cannot be finite).
5. If #" is empty, the algorithm stops (the orbit is finite and its points are given by &), otherwise go to Step 4.

Remark 40. It is easy to see that the algorithm stops after a finite number of steps. Indeed, the total number N, of good
points in any finite orbit which is not of Cayley type cannot exceed 712 - 2 = 10082, while the number of bad points cannot
exceed Ny + 2.

2.7. List of finite orbits

We have implemented the above algorithm with a computer program written in C language. The check of all generating
sets took less than 10 min on a usual 1.7 GHz desktop computer. It turned out that there are only 45 nonequivalent finite
exceptional orbits, different from orbits I-IV and Cayley orbits. We describe these orbits in Table 4 by indicating one of the
orbit points

(X,Y,Z) = (2cosmry, 2cos ry, 2 Cos r7),

and the parameter triple (wx, wy, wz). For further convenience, we also include the value of 4 — w4, computed from the
Jimbo-Fricke relation (10). The graphs of exceptional A orbits are shown in Figs. 9-11 (marked vertices correspond to the
points listed in Table 4).

Our results can now be summarized in

Theorem 1. The list of all nonequivalent finite orbits of the induced A action (14) consists of the following:

e four orbits I-1V, described in Lemma 39;
e 45 exceptional orbits listed in Table 4;
o Cayley orbits; all of these can be generated from the points

(—=2cosm(ry +17),2cosry,2cos 7)), Tyz €Q

with wy = wy = wz = 0 (the relation w, = 0 is satisfied automatically).

Remark 41. Note that the graphs of orbits I-IV and of all exceptional orbits except orbits 30, 43-45 contain self-loops.
It means in particular that these orbits do not split under the action of non-extended modular group A. In fact the last
statement holds for orbits 30, 43-45 as well, because in all four cases the orbit graphs contain simple cycles with an odd
number of edges.

We now turn to the description of nonequivalent finite orbits of the A action (7) on .M. Note that, given wy.y .4,
Egs. (11)-(12) have only a finite number of solutions for {py, py, Pz, Poo}. In fact this number cannot exceed 24, see proof
of Proposition 10, and all such solutions are related by the affine D, transformations. A natural question is therefore: when
does the 7-tuple p = (px, Dy, Pz, Poo, X, Y, Z) (see (8),(9)) completely fix the conjugacy class of the triple (My, My, M) € G,
G=S5L(2,C)in M = G*/G?

Let us first prove an auxiliary result:

Lemma 42. Let M®, M, M e G be three matrices such that the eigenvalues of at least one of them are different from &1. Then
one and only one of the following holds:
1. Seven quantities
t, = Tr MY, ty = TrMP, t. = Tr M€, tae = Tr (M°M"M©) (70)
ty =Tr (M'M®),  toe =Tr(M°MS),  ty =Tr (M"M°), (71)

completely fix the conjugacy class of the triple (M®, M®, M€) in M;
2. M® MP®, M€ have a common eigenvector.

Proof. Using the same tricks as in the proof of Lemma 5, one easily expresses tp,c = Tr (MbM“MC) in terms of (70)—(71):

tpac = Tr ([tas] — (MH ™' (MP) M) = tapte — Tr ((ta1 — M) (551 — M")M®)
= taplc + tacty + tvcta — talp te — Labc-
We may therefore assume without loss of generality that the eigenvalues of M“ are not equal to £1; in particular, M? is
diagonalizable. It is convenient to transform it into diagonal form M® = diag(\,, A;l), with A, fixed by t,. Now the equations
for t, and typ, (£ and t,) fix M2, M2, and M2,M2, (resp. M$,, M5, and M¢,MS, ). The equations for ty: and tup, in their turn,
completely determine (M?M°)1; and (M°M¢),,, hence the products M?,MS, and M2, M¢, are also fixed.
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Table 4
Exceptional finite A orbits.
Size (wx, wy, Wz, 4 — wy) (rx, Ty, Tz)
1 5 (0,1,1,0) (2/3.1/3.1/3)
2 5 (3.2,2,-3) (1/3,1/3,1/3)
3 6 (1,0,0,2) (1/2,1/3,1/3)
4 6 (+/2,0,0,1) (1/4,1/3,3/4)
5 6 (3.2v2,2v2,-4) (1/2,1/4,1/4)
6 6 (1-v5. 355,255, 24 5) (4/5,1/3,1/3)
7 6 (1475, 255,255, 2 /5) 2/5,1/3,1/3)
8 7 (1,1,1,0) (1/2,1/2.1/2)
8 (2,0,0,0) (0,1/3,2/3)
10 8 (1,+/2,+/2,0) (1/2,1/2,1/2)
11 8 (”TJ5 1,1, —@) (1/3,1/2,1/2)
12 8 (355.11.5) (1/3,1/2,1/2)
13 9 (2—\@,2—«6,2—«6, -"fzi) (4/5,3/5,3/5)
14 9 (2+ﬁ,2+ﬁ,2+ﬁ,—5f%) 2/5,1/5,1/5)
15 10 (1,0,0, 1) (1/3,1/3,2/3)
16 10 (3—\/5,3—\@,3—«6, ”5%) (3/5.,3/5,3/5)
17 10 (3+\/§,3+f5,3+ﬁ,—”§+”) (1/5,1/5,1/5)
18 10 (-, - 41 o) (1/2,1/2,1/2)
19 10 (452,51, 451 0) (1/2,1/2,1/2)
20 12 0,0,0,3) (2/3,1/4,1/4)
21 12 (1,0,0,2) (0,1/4, 3/4)
22 12 2,4/5,+/5,=2) (1/5,2/5,2/5)
23 12 (”TJg S5 S ﬁ) (2/5.2/5,2/5)
24 12 (315, 51 o JE) (4/5,4/5,4/5)
25 12 (ﬁ;l, 100 (1/2,1/2,1/2)
26 15 (355.55,55,51) (1/2,3/5.3/5)
27 15 (255,35, 255 _/51) (1/2,1/5,1/5)
28 15 (515, 1-+/5.1— /5, 3@*5) (3/5.,4/5, 4/5)
29 15 (53@, +4/5. 1+ /5, 3”5) (1/5,2/5,2/5)
30 16 (0,0,0,2) (2/3.2/3.2/3)
31 18 2.2,2,-1) (0,1/5,3/5)
32 18 (1—-2cos27/7,1—2cos2m /7,1 —2cos2m/7,4cos2m/7) (6/7,5/7,5/7)
33 18 (1—2cos4m/7,1—2cos4n /7,1 —2cos4mr/7,4cos4n/7) (2/7,3/7,3/7)
34 18 (1—2cos67/7,1— 2cos6x/7, 1 — 2 cos 6 /7, 4cos 6 /7) (4/7,1/7,1/7)
35 20 (3 /5 0,0, 1+f) (0,1/3,2/3)
36 20 (”f 0,0,1— ) (0,1/3,2/3)
37 20 (1, -5, -5, ) (2/3,3/5,3/5)
38 20 (1, S B —ﬁ*1> (2/3,1/5,1/5)

(continued on next page)
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Table 4 (continued)
Size (wx, wy, wz, 4 — ws) (rx, Iy, 1z)
39 24 11,1,1 (1/5,1/2,1/2)
V541 35
40 30 (—5.0.0,355) (2/3,2/3,2/3)
V5-1 345
41 30 (50,0, 255) (2/3,2/3,2/3)
2 36 (1,0,0,2) 0,1/5,4/5)
5-5
43 40 (o,o,o, : ) ©/5,2/5,2/5)
545
44 40 (o,o, 0, 2 ) (4/5,4/5,4/5)
45 72 (0,0,0,3) (1/2,1/5,2/5)
orbit 1 . orbit 2 orbit 3
z z y z z
X x X
y y z v v z z
X X
orbits 6,7
y z

y
y ) X
z y

orbit 9 x x
z
¥ y y y
X X
z z z z

orbit 10

orbits 11,12
z y z
X X x
z ] Z @
y

orbits 16,17

Fig. 9. Graphs of exceptional orbits 1-20.
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orbits 23,24 x

orbit 21 y

orbit 22

z

orbits 32,33,34

orbits 35,36

Fig. 10. Graphs of exceptional orbits 21-38.

If ML,ME, = MSMS, = MP,MS, = MBM¢, = O, then either MY, = MS, = Oor M2, = M5, = 0, ie. M*"€ are
simultaneously lower or upper triangular. On the other hand if at least one of the four products, say M{’zMgl, is non-zero,
then, using the remaining freedom of conjugation of M®"¢ by any diagonal matrix, one can set M{’z = land M§1 (5 0), M,
and M3, become completely fixed. Moreover, in this case M @b.¢ clearly cannot have a common eigenvector. O

Lemma 43. Let My, M,, M, € G. One and only one of the following holds:

1. Conjugacy class of the triple (My, My, M,) in M is uniquely fixed by the 7-tuple p = (px, Py, Pz, Poo, X, Y, Z), defined
by (8)-(9).
2. My, My, M, have a common eigenvector.
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orbit 42

orbit 39

ZANY oy X

y

z.
<

X

@) Oy

Z Y X

orbits 40, 41

Fig. 11. Graphs of exceptional orbits 39-45.

Proof. When the eigenvalues of at least one of three matrices M, , are not equal to &1, the statement is equivalent to the
previous lemma.

Similarly, if e.g. the eigenvalues of MM, (or MM, 1y are different from 1, we can apply Lemma 42 to the triple
M® = MMy, M* = M, M® = M, (resp. M* = M,M,"', M® = M,, M® = M,). Since tq, ty, tc, tap, tac, thc, tanc are clearly
expressible in terms of p, the conjugacy class of (M?, M®, M¢), and hence that of (Mj, M, M,), is fixed unless M%b¢ can be
simultaneously brought to lower or upper triangular form.

Therefore, it is sufficient to prove the lemma in the case when the eigenvalues of My, ,, MxMyil, MMZ! and M,M;!
are equal to £1. We can assume without loss of generality that TrMy = TrM, = TrM, = 2, but then from the relation
Tr (McM,) + Tr (MM, ') = Tr M, - Tr M, follows that Tr (M,M, ) = 2. Similarly, one has Tr (M,M;) = Tr (M,M,) = 2. Now,
if we transform M, into upper triangular form, the relations TrMy = TrM, = Tr (MXMy) = 2 imply that either M is the

identity matrix or M, is also upper triangular. Combining with analogous result for My, M, we see that all three matrices
should have a common eigenvector. O
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Lemma 44. If three matrices My, My, M, € G have a common eigenvector, then the elements of p satisfy characteristic
relations (66) of orbit I, with wy y z defined by (11).

Proof. Transforming M, , , into upper triangular form, we see that p can be written in terms of the eigenvalues of M, ,. It
is sufficient to substitute these expressions into the relations (66) to check that they are satisfied automatically. O

We now formulate a converse statement:

Lemma 45. Let My, M, M, € G be three matrices with no common eigenvector. If p satisfies the relations (66), then at least one
of four matrices My, My, M,, M, MMy is equal to £1.

Proof. Using (66) and (10), write w4 in terms of X, Y, Z:
wy =4+ 2XYZ + X> + Y2 + 7%

Substituting the expressions for wyy 7.4 into the cubic equation (15) for § = pZ + p2 + p? + pZ,, one finds that it has only
two solutions: (1)& =8+ XYZ and (2) £ =4 + X% + Y? + 72,

Case(1). Let us write X = 2cos wry, Y = 2 coswry, Z = 2 cos 71z. It is straightforward to check that (p?, p), p?, p3,) defined
by

Py =2cosm(ry +17 —1x)/2, Py =2c0sm(rx + 17 —1y)/2,

pd =2cosm(rx +ry —17)/2, p° =2cosw(rx + 717 +T1y)/2,
is one of possible solutions for (px, py, Pz, Px). All other solutions characterized by the same value of £ have the form (17),
see the proof of Proposition 10. However, it is not difficult to show that for all such (px, py, p;, Poo) One can find infinitely

many triples (M, MJ/,, M;) of upper triangular matrices with the same p as (My, M, M;).E.g.ifp, = pg, Vv =X,Y,z, 00, then
we may set

ein(ry+rz—rx)/2 *
(A
M, = < 0 e—iﬂ(fy+fz—rx)/2> ’

ein(rx+rz—ry)/2 *
M, = i
y < 0 e—m(rx+rz—ry)/2> ’

eirr(rx+ry—rz)/2 *
(A
Mz - ( 0 e—in(rx+ry—rz)/2> .

Now since p does not fix the conjugacy class of the triple (My, My, M;) uniquely, by Lemma 43 M, , , should have a common
eigenvector.

Case(2). Here, one possible solution for (py, py, Pz, Poo) iS

py=X. py=Y, pl=2Z  p=2 (72)

and all the others are given by (17). Consider the solution (72) and transform M, M, M, into upper triangular form: M,M,M, =
((1) ‘1‘) Since

X=Tr (MyMZ) =Tr (MzMny . M;:]) =px— (MX)Zl ’

the relation py = X implies that either M,M,M, = 1 or My is upper triangular. Repeating the same procedure withp, =Y,
P, = Z and using the assumption that My , , have no common eigenvectors, one concludes that M, M,M, = 1. Other solutions
for (px, Py, Pz» Po) are treated in a similar manner. O

We thus obtain a description of all nonequivalent finite orbits of the A action (7) on M:

e There are two families of nonequivalent orbits that consist of one point. They are given by the conjugacy classes of triples
(a)(1, My, M) and (b) (M, My, M;1M;1), where My, M, in(a)and My, M,, in (b) have no common eigenvectors, My, , € G.

e Each finite orbit O of the induced A action (14) that consists of more than one point (i.e. each of orbits 1I-1V, 1-45 and
Cayley orbits of size greater than one) generates a finite number of orbits of (7), which have the same size as O and
correspond to different 4-tuples (px, py, Pz, Pc) solving (11) and (12). (Recall that the parameters wy v,z 4 for orbits [I-IV
and 1-45 are specified by Lemma 39 and Table 4, while for Cayley orbits wy = wy = w; = w4 = 0.) Once a solution
for (px, Py, Pz, Poo) is chosen, the orbit in M is completely fixed by the 7-tuple (px, py, Pz, Poo, X, Y, Z), where (X, Y, Z)
is any point in O.

e All remaining finite orbits of (7) belong to the space U C M of conjugacy classes of triples of upper triangular SL(2, C)-
matrices.
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3. Algebraic Painlevé VI solutions

We are now prepared for the classification of PVI solutions with finite branching up to parameter equivalence.

Definition 46. Let us associate to any PVI solution branch the 7-tuple of monodromy data (wx, wy, @z, w4, X, Y,Z) € C’
defined by (8)-(12). Two finite branch PVI solutions will be called

e equivalent if they are related by Backlund transformations specified in Table 1;
e parameter equivalent if their analytic continuation leads to equivalent (under K, x S3 transformations of Subsection
Section 2.2) orbits in the space of 7-tuples of monodromy data.

Remark 47. Our parameter equivalence is strictly stronger than that of [21], and is rather similar to geometric equivalence,
cf. [21], Def. 8. In particular, it distinguishes solutions 3, 21 and 42 (see below), whose parameters 8 = (6, 6y, 6;, 6) lie in
the same orbit of the Okamoto affine F, action. Another such example is given by solutions 20 and 45.

Remark 48. In [21], p. 13 it is stated that the four-branch octahedral PVI solution [6]

(s—1)7° +Ds—1)°

w = , =
s(s—2) $3(s—2)

with parameters § = (¢, ¢, ¢, 1 — 3%) and the four-branch dihedral solution IV below are inequivalent for # = 6 = 1/6,

although characterized by the same parameters. This seems to be incorrect; replacing s +— 1/(s + 1) in (73) and applying

to w affine D4 transformation s,s,s,Ssss,S;, one finds solution IV with 6 = 1/2 — 2¢. Despite the failure of the above
counterexample, our parameter equivalence is presumably weaker than the equivalence under Biacklund transformations.

, (73)

Let us now examine one by one all finite orbits listed in Theorem 1 (recall that finite orbits which are not of Cayley type do
not split under the action of A). First consider orbit I, consisting of a single point. In this case all solutions of Painlevé VI can
be found explicitly. In particular, for reducible monodromy (i.e. when M, M, M, have a common eigenvector) PVI equation
linearizes and one has the following:

Proposition 49 (Theorem 4.1 in [28]). All solutions of PVI corresponding to reducible monodromy are equivalent to the one-
parameter family of Riccati solutions

w(e) = (14+6,+6, —t —0,t)u(t) — t(t — 1)u/(t)7 (74)
(14 6+ 6y +0,)u(t)

realized for 0, = — (040, +6,), where u(t) = u1(t) +vu(t) and u; »(t) are two linear independent solutions of the following
hypergeometric equation:

t(1—0u" +[2+ 60+ 6,) — (446 + 6, +20)tT' — 2+ 6, + 6, + 6,) (6, + Du=0. (75)

Remark 50. It is well-known that one-parameter family (74) contains solutions with a finite number of branches if and only
if the parameters of the hypergeometric equation (75) belong to the Schwarz table, see [29] or Table 1 in [3].

The solutions of PVI in the case of “1-smaller monodromy”, when one of the matrices My, My, M, or Mo, = (MZM},MX)‘1
is equal to £1, have been completely described in [30]. Any such solution is either (i) degenerate (w = 0, 1, t, c0) or
(ii) equivalent via Backlund transformations to a Riccati solution or (iii) belongs to a set of generalized Chazy solutions,
expressible in terms of hypergeometric functions; see Lemma 33 in [30] for the details.

Next we consider Cayley orbits. Since in this case wx = wy = w; = w4 = 0, the 4-tuple (py, py, Pz, Poo) can only be
(0,0,0,0) or a permutation of (£2, £2, £2, F2). This in turn implies that the 4-tuple of PVI parameters (6y, 6y, 8;, )
consists of either (i) 1 odd and 3 even integers or (ii) 1 even and 3 odd integers or (iii) all four 6y, , . have half-integer
values. For 6, = 0, = 0, = 0, 6, = 1 the general solution of Painlevé VI is known:

Proposition 51. All solutions of the sixth Painlevé equation with 6y = 6, = 6, = 0, 0, = 1 are given by Picard solutions

t+1
w(t) = o (VU + valip; Uy, Up) + 5 V2 €C,0 <Revy; <2, (76)

where £ (z; uq, up) is the Weierstrass elliptic function and u, ,(t) are two linearly independent solutions of the following
hypergeometric equation:

4t(1— " +4(1 - 200 —u =0, (77)

namely,

T (11 w11
up=oFi (o, o, Lt),  w=—oF (5,5, 1,1-t).
1 22122 2 22]22
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Proof. This statement was proved by Fuchsin [31]. O

All finite branch solutions corresponding to Cayley orbits are therefore parameter equivalent to solutions from the above
two-parameter family. Equivalence under Biacklund transformations is slightly more subtle, see e.g. [32].

There remain precisely 45 parameter inequivalent finite branch PVI solutions and three families depending on continuous
parameters, which correspond to orbits 1-45 and II-IV (existence of solutions with appropriate monodromy data follows
from their explicit construction below). Surprisingly, each equivalence class contains algebraic representatives that have
already appeared in the literature [8,7,21-23,4,5,24,6,9,10]. Complete list of these parameter inequivalent algebraic
solutions is given below. For each solution we specify the 4-tuple of PVI parameters 8 = (6, 6, 6;, 6 ), the number of
branches and the explicit solution curve. We also give references to original papers where the corresponding algebraic
solutions have been obtained and correct a few misprints (in solutions 13, 24, 43 and 44).

Solution 11, 2 branches, = (0,, 6y, 6y, 1 — 0,):

w(t) = £/t.
In Lemma 39, X’ = 2 cos 276y, X" = —2 cos 27 6,.
Solution 111, 3 branches, 8 = (260, 6,0, 2/3):
o 8 D6E+Y t_(s—l)z(s+2)
s+ D2 —2)]
first obtained in [4], (E.31); in the above form it appeared in [6]. In Lemma 39, w = 2 cos 376.

Solution 1V, 4 branches, § = (0,60, 6,1/2):

_ S(s+2) [ S3(s+2)

w = :
24541 25+ 1

)

first obtained in [4], (E.29); in the above form it appeared in [24]. In Lemma 39, @ = 4 cos® 6.
Solution 1, 5 branches, § = (2/5, 1/5, 1/3,2/3):
2(s2+5s+7)(55—2) 27(5s — 2)?
w = . = ,
S(s +5)(4s2 — 55 + 10) (s + 5)(4s%2 — 55 + 10)2

solution 20 in [21], p. 21.
Solution 2, 5 branches, § = (1/5,2/5, 1/5,2/5):

s2(s—1) 253(s — 5)
w = —_—, =
3(s—2)(s+3) (s —2)2(s+3)3
first found in [9], Eq. (3.3).
Solution 3, 6 branches, § = (1/2,1/3,1/3,1/2):
s+ 1)(s—3)° t— s+ 1)3(s—3)3
T34+ 3)(s—1)2° T (s=1D3(s+3)3
first found in [8], equivalent to solution 4.1.1A; in the above form in [22], tetrahedral solution 6, p. 9.
Solution 4, 6 branches, § = (1/2,1/4,1/2,2/3):
9s(2s® — 3s + 4) . 275?
w = ; =—7,
45+ 1D(s—1)212s2+6s+ 1) 4(s2 —1)3

octahedral solution 7 in [22], p. 12.
Solution 5, 6 branches, § = (1/4, 1/4,1/3,1/3):

_ Bs—DE@s—Ds+1)° D25 —1)?
T 4B —D(s2+1) 78332 —1)

first found in [9] 3.3.3, p. 22.
Solution 6, 6 branches, § = (2/5, 1/5, 2/5,2/3):

18s(s — 3) ; 432s
w = s = s
(s—4)(s+ 1)(s2+5) (s+5)(s+ 1)3(s —4)2
solution 23 in [21], p. 23.

)
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Solution 7, 6 branches, § = (1/5,2/5, 1/5, 1/3):

—54s(s — 7)
w= ,
(s —4)(s+ 1)(s* — 20s% — 35)

t=ts,

solution 22 in [21], p. 23.
Solution 8, 7 branches, § = (2/7,2/7,2/7,4/7):

(55%> — 85+ 5)(7s*> — 7s + 4) (7% — 7s + 4)?

T os(s—2)(s+1)(2s — 1)(@ds2 —Ts+7)’ T B3(4s2 —Ts+7)2

Klein solution of [7], p. 26.
Solution 9, 8 branches, § = (1/4,1/2,1/4,1/2):

(s> — 25+ 2)(s*> +2)? (s> —2)(s* +2)3

T 4G+ 1) (2 —4s—2)(s— 1)2’ T 16+ 13— 1)3

first found in [9] 3.3.5, p. 23.
Solution 10, 8 branches, 8 = (1/3, 1/2,1/4,2/3):

s3(2s2 — 45 + 3)(s2 — 25 + 2) . $2(2s% — 4s +3)\°
w = , = _— .
(252 — 25+ 1)(3s2 — 45 + 2) 352 — 45+ 2

octahedral solution 9 in [22], p. 12.
Solution 11, 8 branches, § = (1/2, 1/5,2/5, 4/5):

s(s+4)(3s* — 25> — 25> + 85+ 8) (s +4)3
w= s t= ,
8(s— 1(s+ 12(s2 +4) 4(s — 1)(s + 1)3(s2 + 4)2

solution 24 in [21], p. 21.
Solution 12, 8 branches, § = (2/5,1/2,2/5,4/5):

s2(s + 4)%(5s> + 25> — 45 — 8) Pt
w = , = ,
4(s — 1)(s + 12(s? + 4)(s> + 35 + 6) B

solution 25 in [21], p. 21.
Solution 13, 9 branches, § = (2/5, 2/5,2/5,2/3):

1 350s° +63s> — 65 — 2

Yt T Sosason
fo 1y (255 + 170s> + 425> 4 85 — 2)u
T2 54s3(5s + 4)2 ’

u? =s(8s+ 1)(55 + 4),
solution 27 in [21], p. 23 (parameters in [21] are defined with a misprint, which is corrected by interchanging 65 <> 6,).

Solution 14, 9 branches, § = (1/5, 1/5,1/5, 1/3):

1 (5= 1D(5(° 4+ 1) +58(s° +5) + 1771(s* + 5?) + 8620s°)u
2 8s(s + 1)(5s3 + 2552 + 95s + 3)(3s3 + 9552 + 255 + 5)
1 (s— 1)(25(% 4 1) +760(s” + 5) + 4924(s® + 5%) + 75464(s> + 5°) + 329174s*)
2 2048s(s + 1)°u ’

u? = s(55* + 118s + 5),

first found in [9], p. 11.
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Solution 15, 10 branches, § = (1/2,1/5, 1/2, 3/5):

(s> = 5)(s> 4+ 5)(s’ + 55* — 205> + 755 + 75)
T (54 1)2(s + 5)(s2 — 4s + 5)(s* + 652 — 75)
f 2(s> 4 5)°(s> — 5)°
T (54 1)3(s+5)3(s2 — 45 4 5)2°

solution 28 in [21], p. 21.
Solution 16, 10 branches, @ = (0, 0, 0, —4/5):

)

(s — 1)2(3s + 1)%(s® + 4s — 1)(119s® — 58855 + 314s* — 108s% + 7)?
w =
(s+1)3@Bs — DP(s)
= 1D°Gs+ 1) +H45— 1)
TG4+ 1D5Bs—1)3(s2—4s— 1)
P(s) = 42483s'® — 719271s'® + 59637245 + 13758708s'? — 76166465'° + 1642878s® — 259044s°
+34308s* — 21335 + 49,

)

first obtained in [4], the above parametrization corresponds to icosahedron solution (Hs) in [5], p. 76.
Solution 17, 10 branches, 8 = (0, 0, 0, —2/5):

(5= 1D*Bs+ 1D’ + 45 — D(11s* — 305” + 3)°
- (s + 1)(3s — 1)(3s2 + 1P(s)

5= 1)°Bs+ 1)’ +45— 1)

TG4+ 1D5Bs—1)3(s2—4s— 1)

P(s) = 121s"? — 1942s'0 4 63015s% — 28852s® + 48555* — 342s% + 9,

)

great icosahedron solution (Hs) in [5], p. 77.
Solution 18, 10 branches, # = (1/3, 1/3, 1/3, 4/5):
s2(s +2)(s> + 1)(2s* + 3s + 3) , $7(s +2)(2s% + 3s + 3)2
w = . = ,
2(s2 +s+ 1)(3s2 + 35+ 2) (2s + 1)(3s% + 35 4 2)2

solution 29 in [21], p. 23.
Solution 19, 10 branches, § = (1/3, 1/3, 1/3, 2/5):

s*(s +2)(2s* + 35+ 3)(7s* + 105 + 7)
w = s
(3s% 4 35+ 2)(4(s® + 1) + 12(s> +5) + 15(s* + 5?) + 10s3)

t = tis,

solution 30 in [21], p. 23.
Solution 20, 12 branches, § = (1/2,1/2,1/2,2/3):

1 N 45s% + 20s° + 95s5* 4+ 9253 + 3952 — 3
w= = ,
2 4552 4+ 1)(s + 1%u
1 s(2s 4+ 1)2(27s* + 285> + 265° + 125 + 3)
-+
(s + 13u3
v = (254 1)(9s* + 25 + 1),

octahedral solution 12 in [22], p. 13.
Solution 21, 12 branches, § = (1/3,1/2,1/2,2/3):

bl

4G5+ 1)(3s® — 454 2)(7s* + 165> 4 45° — 4)
T s3(s — 2)(s2 4 45 + 6)(s* — 452 + 325 — 28)

_ 16(s+ 1)*(3s> — 454 2)°
T o5 —2)4(s2 +4s+6)2
octahedral solution 11 in [22], p. 12.
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Solution 22, 12 branches, § = (1/3,1/3, 1/5, 2/5):

1 140s° 4 1029s> — 1023s* 4 360s’ — 288s” + 275 + 27
w=gt 18u(s + 1)(7s° — 32 —s+ 1) ’
[ 1 N 40s% + 540s° — 765s* + 540s> — 270s> + 27

2 6u(8s> — 9s + 3)(s + 1)2 ’

u? = 3(5s + 1)(8s®> — 95 + 3),

solution 36 in [21], p. 22.
Solution 23, 12 branches, § = (1/5, 1/5,1/3, 1/2):

1 (3s+5)(8s* — 105> 4+ 125> — 135 + 11)
w=gt 22 — 155+ 5)u
1 8s® + 205> — 155 4 665 — 15
2 2(8s%2 — 55 + 5)u

u? = (3s + 5)(8s% — 55 + 5),

’

3

solution 34 in [21], p. 21.
Solution 24, 12 branches, § = (2/5,2/5,1/3, 1/2):
1 (3s+5)(16s° — 8s* + 185> — 8s* + 1155 + 3)
w=-— ,
2 2(26s3 + 60s2 + 155 + 35)u

t = b3, u = uys,

solution 35 in [21], p. 22 (in [21] there is a sign misprint in the formula for w).
Solution 25, 12 branches, § = (2/5,1/3,1/2, 4/5):
9s(s® + 1)(3s — 4)(155* — 55% + 352 — 35+ 2)
(2s — 1)2(9s2 + 4)(9s% + 3s + 10)
T8+ 1G5 -4
T 425 — 1)3(9s2 + 4)?
solution 33 (generic icosahedral solution) in [21], Th. B, p. 4.
Solution 26, 15 branches, § = (1/3,1/3,1/3, 3/5):

’

1 250s°% + 500s> + 518s* + 26153 + 76s% + 135 + 2
w= - — s

2 2(s +2)(5s + 1)(5s3 + 652 + 3s + Du
1 3(500s” + 925s% + 1164s® + 830s* + 340s> + 105s% + 20s + 4)
T2 2(s 4+ 2)2(5s + Du3 ’

W=’ +s+1)Gs+ 1),
solution 38 in [21], p. 26.
Solution 27, 15 branches, § = (1/3,1/3,1/3, 1/5):

1 1000s® + 2425s” + 4171s5 + 3805s° + 1999s* + 874s> + 244s% 4 58s + 4

2 4(s 4+ 2)(25s% + 135s° + 111s* + 9153 + 3652 + 65 + 1)u
t = to, U = Uz,

)

solution 37 in [21], p. 26.
Solution 28, 15 branches, § = (3/5, 3/5,2/3, 2/3):

1 257 +20s® + 5357 — 89s® — 605s> — 851s* — 1389s> — 577552 — 101255 — 5625

w=— ,
2 2(s2 — 5)(s?2 — 65 — 15)(s%2 + 4s + 5)u
[ 1 (287 4+ 10s® — 90s* — 13553 + 297s% 4 9455 + 675)u
2 18(4s2 + 155 + 15)%(s> — 5) ’

u? = 3(s 4+ 5)(4s® + 155 + 15),
solution 40 in [21], p. 22.
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Solution 29, 15 branches, § = (1/3, 1/3, 4/5, 4/5):

1 N 145> + 61s* — 665> — 660s> — 900s — 225
w= - s
2 6(s+ 1)(s2 — 5)u

t = ts, U = uyg,

solution 39 in [21], p. 22.
Solution 30, 16 branches, § = (1/2,1/2,1/2, 3/4):

(1 +1)(s? — 1)(s® + 2is + 1)(s? — 2is + 1)2P(s)
- 45(s2 +1)(s2 — )2(s2 + (1 +)s — )Q(s)
(s> — 1)2(s* + 652 +1)°
3252(s* 4+ 1)3
P(s) = s® — (2 — 2i)s” — (6 + 2i)s® + (10 + 2i)s° + 4is® + (10 — 2i)s® + (6 — 2i)s* — (2 + 2i)s — 1,
Q(s) =s° — (3 + 3i)s® + 3is* + (4 — 4i)s® + 35> + (3 + 3i)s + 1,

)

’

octahedral solution 13 in [22], p. 13.
Solution 31, 18 branches, § = (1/3,1/3,1/3, 1/3):

1 857 —28s% + 755° 4+ 31s* — 269s> + 318s> — 1665 + 56

=T 18u(s — 1)(353 — 45? + 4s + 2) :
1 s+ D(32(s® + 1) — 320(s” +5) + 1112(s° + 5?) — 2420(s> + 5°) + 3167s*)
= — + ?
2 54u3s(s — 1)

u? = s5(8s% — 11s + 8).

A solution with equivalent parameters was first obtained in [5] (great dodecahedron solution (Hs3)”, see pp. 78-87 in the
preprint version of [5] for the explicit form), the above elliptic parametrization was produced in [21], Th. C, p. 4.

Solution 32, 18 branches, § = (4/7,4/7,4/7,1/3):
1 P(s)u 1 R(s)u
w==— (), t=-— ) , w? =s(s> +s5+7),
2 Q) 2 432s(s+ 1)2(s2 +s+7)2
P(s) = s'% + 5s5° 4 24s® + 205" — 266s° — 2874s> — 14812s* — 40316s> — 85359s®> — 1000675 — 67396,
Q(s) = 16(s + 1)(s* + s + 7)(5s° + 63s® + 252s* + 854s> + 1449s* + 18275 + 2030),

R(s) = s° — 84s® — 3785 — 1512s* — 5208s° — 72365 — 81275 — 784,

first appeared in [22], p. 22.
Solution 33, 18 branches, 8 = (1/3,1/7/,1/7,6/7):

(35 — 2)(s> — 25 + 4)?

w =1+
A5+ 2)(s — 1)?(s2 —s+ 1)(3s2 — 45 + 4)
—14s> 4 255 — 205> — 852 + 165 — 8 — 8(s — 1)(s> — s + Du
(2s + 1)(3s3 — 10s2 + 6s — 2) — 14(s — Nu ’
f 1 14s% — 10558 + 25257 — 3925 + 420s°> — 336s* + 11253 + 7252 — 965 + 32

)

2 16(s +2)2(s — 13(s2 — s+ Du
¥ =02s+1D(1=5)(?=s+1),

solution (3.16)-(3.17) in [10], p. 15.
Solution 34, 18 branches, § = (2/7,2/7,2/7,1/3):
1 (35 — 257 —4s% — 204s> — 536s5* — 173853 — 5064s> — 48085 — 3199)u

2 4(s 4+ 1)(s2 + s+ 7)(s® + 19653 + 189s2 + 7565 + 154)
t =13, Uu=usy,

)

first appeared in [22], p. 17, Eq. (12).
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Solution 35, 20 branches, § = (0,0, 1/10,9/10):
1 9s° — 49s* — 82253 4 23852 — 1699s + 1299

w= =
2 2(3s —7)(s2 — 2s+17)u

1 P(s
©) u? = (95 — 25 4+ 9)(s*> — 25 + 17)

)

27 Qs)u3’
P(s) = 27s'° — 630s° + 4055s% + 305205’ — 174970s° + 258492s> — 724490s*

+600760s® — 1097825s* + 186570s — 131085,

Q(@s) = 2(s> — 25 + 17)(s* — 185 + 1),
solution 45 of [21], first obtained explicitly in [23], p. 7.
Solution 36, 20 branches, § = (0, 0, 3/10,7/10):
1 (s+ 3)(9s* — 100s® + 118s> — 2285 — 55)

) (653 — 425 — 305 — 62)u

t =1t35, U=uss,
solution 44 of [21], first obtained explicitly in [23], p. 8.
Solution 37, 20 branches, § = (1/3,1/3,1/2,2/5):
_ 1 N (s 4+ 3)P(s)
2 18(s2 4 1)(s8 — 754 4 4253 — 4552 + 34s + 7)u’

’

1 (s+3)Q() ) )
t=————""" u?=3(s+3)(8% — 135+ 17),
2 2(s24+ D2us 5+ 3¢ +17)
P(s) = 28s® — 235s% + 55657 — 1334s® + 21745 — 3854s* + 4360s> — 4738s> + 2362s — 1047,

Q(s) = 85" + 100s” — 135s° + 834s® — 1205s* + 2280s> — 13655 + 890s + 321,

solution 43 in [21], p. 24.
Solution 38, 20 branches, § = (1/3,1/3,1/2, 4/5):

1 N (s + 3)(8s° — 285> + 85s* — 196s> + 214s> — 1965 + 41)
6(s2 + 1)(3s2 — 4s + 5)u ’

t = t37, u = usy,

solution 42 in [21], p. 24.
Solution 39, 24 branches, 0§ = (1/3,1/3,1/3, 1/2):

1 PG 1 2 4+4s —2)Q (s
weli_ PO 1 (" + QG 2 82— 751+ 2).
2  R@)u 2 2(s+2)(3s? — 25+ 2)2u?
P(s) = 16s' + 7250 4 50s° — 2425% — 3143s” + 6562s° — 8312s° 4 9760s* — 98365>

+6216s% — 2288s + 416,
Q(s) = 85" + 165° + 24s® — 84s” + 429s° — 312s° + 258s* — 288s> + 288s> — 128s + 32,

R(s) = 2(3s* — 25 + 2)(26s° + 185> — 755" + 50s° + 270s® — 3125 + 104),

solution 46 in [21], p. 27.
Solution 40, 30 branches, § = (1/15, 1/15,7/30, 23/30):

1 (s+ 1)(s® + 857 + 90s® + 348s> + 972s* + 1296s> + 4374s* + 8748s + 19683)
2(s + 3)2(s* — 453 — 652 + 81)u ’

2
2 2
1 (s+ 1*(s +9)*P(s) W2 = (s + 1)(s +9)(s> + 9)(s® + 45 + 9),

t=— s
2 2(s—3)2(s+3)°(s2 +9u?
P(s) = s™ +10s" + 63s'2 4 180s'! + 6215'° + 39425° + 26595s% + 995765 + 239355s°

+319302s° + 452709s* + 1180980s> + 3720087s* + 5314410s + 4782969,

solution 47 of [21], first obtained explicitly in [23], p. 9.

161
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Solution 41, 30 branches, § = (2/15, 2/15, 1/30, 29/30):

we L (s +9)Q(s)
T2 265-3)(+ U2+ 99U’
Q(s) = s + 7s® + 3657 + 365° 4+ 1265° + 1170s* + 8100s> + 18468s> + 240575 — 6561,

t = tyo, U = Uy,

solution 48 of [21], first obtained explicitly in [23], p. 9.
Solution 42, 36 branches, § = (0,0, 1/6,5/6):
1 4s® — 248 4 8457 — 240s® + 96s° + 1401s* — 6396s> 4 11136s%> — 8160s — 401
wEa T 20257 — 25+ 5)(s° — 352 + 35 — 11)u
. 1 (s —2)(s+4DP(s)
2 4(s2—7s+ 1)(s2 —4s + 13)(2s2 — 2s + 5)u3’
u? = (s — 45 + 13)(2s* — 25 4 5)(2s* + 25 — 35 — 585 + 107),
P(s) = 325" — 640s" + 6432s'* — 46016s'> + 266968s'? — 1228152s'! 4 4546772s'°
—13723024s° + 34628427s% — 744565365’ + 139564088s° — 224784264s°
+300342142s* — 2994947365 + 197723868s> — 68764168s + 17918807,

)

solution 49 of [21], first obtained explicitly in [23], p. 10.
Solution 43, 40 branches, # = (3/20, 3/20, 3/20, 17/20):

1 N (s2 — 185 + 1)(s2 — 25 + 17) (u35)% + 8(s + 1)(3s> — 2152 — 155 — 31)uv

w= - s
2 32(s3 +57s2 — 69s + 75)(s2 — v
= 1 n P35(s)u
T2 1024(s — 9)2(s2 — 1)3(552 — 2s + 13)’

w? =2(s—9)(s - 1), v2 = —(s—1)(s — 9)(55°> — 25 + 13),
solution 50 of [21], first obtained explicitly in [23], p. 9. (The formula (6) for v in [23], p. 8 is incorrect and should be replaced
with v = —2(j + 1)(5j2 — 2j + 13). This is undoubtedly a typing error, because the Maple file accompanying Arxiv version
of [23] contains correct expressions, which yield a solution equivalent to the above.)

Solution 44, 40 branches, § = (1/20, 1/20, 1/20, 19/20):

1 (s =185+ 1) (us5)® + 4(s — 1)(3s — uv
v=3 64(s + 3)(s + 1)%v
t = ty3, U = Uy, VU = Vg3,
solution 51 of [21], in explicit form first obtained in [23], p. 8 (with the same misprints as solution 43).
Solution 45, 72 branches, 8 = (1/12, 1/12,1/12, 11/12):
1 2(s> —4s+13)(s> = 7s + 1) (us2)* + 9(s — 1) (s> + 275*> — 57s + 79)uv
w=gt 6(25 — 7)2(2 — 1)(22 + 5+ 17)(s* — 352 + 35 — 11)v
1 (s = 2)(s + 4)Pa(s)
T2 5425 —7)(s2 — 1)(s2 — 25 + 6)u3’
ut = (2s — 7)(s* — 1)(2s* + s + 17)(4s* — 135 + 19),

V2 = —(s 4 1)(s* — 25 + 6)(4s® — 135 4 19),

)

’

solution 52 of [21], in explicit form first obtained in [23], pp. 10-11.
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